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Open guantum systems

No physical systems are closed (isolated). They are open as they interact
with environment formed by other particles and fields:

The system and the environment together
form a closed universe, which evolves under
unitary dynamics generated by the total Hamiltonian H

in dw(t)>/dt = H(t)|w(t)>
The system interacting with environment however evolves as open guantum system
under reduced dynamics which is NOT unitary. The effect of environment appears
as noise onto the system intrinsic dynamics (generated by H,.). Quantum states of
the system and of the environment interact and become entangled, they are

loosing their purity and become MIXED.
Novel description of a quantum state needed!!!



Ensemble of guantum states

Suppose a quantum system is in one of a number of pure states |y > with
a probability p,. We call the set {p, ,|y;>} an ensemble of pure states:

The state of the ensemble is
described by the density operator

p= zi Pi lwi><v|l




Density operator p = 2p, |ly><vy|

Postulates of quantum mechanics can be reformulated using density operator

Examples:
Quantum evolution ly> —— U/(H)|y>=Uly>

p=2pilv<y|l — ZpUly><y|Ur =UpU*

Measurement
- when the measurement described by the operator M, is performed on
the state |y;>, the result m is obtained with probability

p(mli) = <yl My "My, [y> = 5, <y k><kIM "M [y> = 2, <KIM M [y <y k> =
= tr(My, "M, |y ><y))
- and the probability of the result m to be measured on the ensemble described
by p = Zipily><yi| Is then
p(m) = Zp; tr(M,; "M [y><w]) = tr(M;,;"M,p)

- and the state after the measurement is
Pm =M pM_*/tr(M_*M_p)

Completeness relation:

Let {|i>} be orthonormal basis for the vector space V, so an arbitrary vector can be written

[v> = %, vi|i> for some set of v, € C. Note that v; = <i|v>, thus:(Z; [i><i|)|v> = Zj|i><i|lv> = Zyv|i> = |v>.
Since this is true for all [v>, it follows that Z, [i><i| = I.



Density operator

p= Zi P lvi><y|l

Characterization of density operators:

An operator p is the density operator associated to some ensemble {p, |v>}
iff it satisfies the conditions:

(1) (Trace condition) tr(p) =1
(2) (Positivity) p IS positive operator
Proof:

(1) tr(p) = Zip; tr(lwi><yil) = Zp; =1
(2) Suppose |¢> is an arbitrary vector is state space

<¢|plo> = Z; p; <dlyi><y;ilo> = X, p; [<d|y;>[? = O

Conversely, suppose p is any operator satisfying (1) and (2). Since p is positive
it must have a spectral decomposition
p =2 []><
where the vectors |j> are orthogonal and A; € R are nonnegative eigenvalues of p.

From the trace condition %, A; = 1. Therefore a system in state [j> with probability ; will
have the density operator p.



|s a quantum state mixed?

p = 2P ly><y
Purity  tr(p?)
pure states: tr(p?) =1
tr(p?) = tr(ly><y|y><y|) = tr(ly><y]) = tr(p) = 1

mixed states: tr(p?) <1

Homework: Can unitary operation change purity?

Von Neumann entropy S= -tr(plogp)

pure states: S=0

mixed states: S>0



Bloch sphere for mixed states

p = 2P ly><y
An arbitrary single qubit density matrix can be written as
p=(1/2) (I +r.0)

where r is a three dimensional vector s.t. ||r|| < 1, known as the Bloch vector.
c = (X,Y,Z) is the vector of Pauli matrices.

Bloch representation for a pure state of quantum bit

p = [0><¢| = |co|*|0><0] + cy*Cy|0><1| + €1*Co|1><0] +|c,|?[1><1] =
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= 2/2)( 1 +r,o,tr0, t1,0,)

r, = 2Re(cy*c,)
r, = 2Im(cq*cy)
r, = 1Col? - lcy?




Pure state and the Bloch sphere (review)

r, = 2Re(cy*cy) ICol?  €oCy*
r, = 2Im(cy*cy)
r, = col® - Icyf?

Co*C;  |cyf?

Example:

9> = 2:12(]0> +i|1>)
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p =1/2
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Mixed state and the Bloch sphere

r, = 2Re(cy*cy) ICol?  €oCy*
r, = 2lm(c,*c
' — 2( i 13 Co*Cy  cyf?

r, = [Col* - Ic4

Example: [¢,> = 212(]0> +i|1>) [9,> = 2°12(|0> - i|1>)
1 | 1 i

|0,><¢,| =1/2 |0,><¢,| = 1/2

i 1 - 1

p =3/4 |0, ><¢,| + 1/4 [p,><0,|

1 -1/2
=1/2
P 2 1
n=~0
r, = 1/2

r,=0



