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OutlineOutline

The Lieb-Shultz-Mattis (D=1, 1961)-Hastings (D>1, 2004) theorem:

Mott insulators with a gap should be either
- conventionally ordered,
- or topologically ordered

Heisenberg (« RVB ») spin liquids and Kitaev’s toric code

Quantum dimer models as toy models for (Z2) topological order:
Entanglement and vortex excitations 
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Part I
The Lieb-Schultz-Mattis-Hastings

theorem
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What is a Mott insulator ?

Electrons hopping on a lattice
+ odd number of electrons per unit cell.

(would be a metal according to
non-interacting band theory)
Consider a half-filled system for simplicity.

Strong on-site electron-electron repulsion
(=Hubbard model)

→ insulator (charge excitations are gapped)
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The Lieb-Shutlz-Mattis theorem

“A system with a half-odd-integer spin in the unit cell
(+ periodic boundary conditions,  [Sz

tot,H]=0 & dimensions L1×L2×…×LDwith L2×…×Ld=odd)

cannot have simultaneously a gap and a unique ground-state
(in the thermodynamic limit). ”

E

Δ>0

Gapped paramagnet
= forbidden

D=1  Lieb-Schultz-Mattis (D=1: 1961) 
D>1  Hastings [PRB 69, 104431 (2004)] (see also Affleck 1988; Bonesteel 1989; Oshikawa 2000, GM et al. 2002)

Nachtergaele & Sims, Com. Math. Phys. 276, 437 (2007).

http://dx.doi.org/10.1016/0003-4916(61)90115-4
http://link.aps.org/abstract/PRB/v69/e104431
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Oshikawa’s argument (I)

Cross section with C sites
Ex. in 2D: C=n LyTwisted Hamiltonian

Oshikawa, Phys. Rev. Lett. 84, 1535 (2000) Represent the D-
dimensional lattice as a 
periodic ring in the x 
direction

E0 E2π

θ

?

0 2π

http://link.aps.org/abstract/PRL/v84/p1535
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Oshikawa’s argument (II)

Consider mz=0, S=1/2 and C=odd (=n Ly in 2D):
k0=k2π+π

If (we assume that) the gap to excited
states do not close during the adiabatic process,
The ground state is (at least) two-fold degenerate

E

Δ>0

x-translation
Magnetization per site

Momentum shift :

U does generally not commute with translations :

Hθ is translation invariant ⇒ k is well defined and indep. of θ

E0 E2π

θ
0 2π

k0

k2π
U k0

θ
0 2π

k0

k0+π
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LSM-H, spontaneous symmetry breaking & topological order

2) Gapless spectrum
a- Continuous broken sym. (Néel order)
b- Critical phase (or crit. point) 

1) Ground-state degeneracy
a- “Conventional” broken symmetry
b- Topological degeneracy 

spin liquids w
ith fractional excitations

Δ>0

Δ=0

E

Δ>0

Gapped paramagnet
= forbidden
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Part II

short-range resonating valence-
bond (RVB) spin liquids
& (Z2) topological order
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Some examples of topologically ordered spin model 

 Easy-axis kagome model
Balents, Fisher & Girvin, Phys. Rev. B 65, 224412 (2002)
Sheng & Balents, Phys. Rev. Lett. 94, 146805 (2005)
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SU(2) symmetric (=Heisenberg-like) spin models
Raman-Moessner-Sondhi, Phys. Rev. B 72, 064413 (2005)
Ring exchange on the triangular lattice ? (GM et al., PRB 1999)

Experiments. Candidates to be “spin liquids”, apparently all gapless…why ?
Cs2CuCl4 [Anisotropic S=1/2  triangular lattice, Coldea et al. 2003]

κ-(BEDT-TTF)2Cu2(CN)3 [Shimizu et al. 2003]

ZnCu3(OH)6Cl2 [Helton et al. 2007, Mendels et al. 2007, Ofer et al. 2007, Imai et al. 2007]

Na4Ir3O8 [3D lattice of corner sharing triangles, “hyper kagome”, Okamoto et al. 2007]

He3 films [Nuclear magnetism on a triangular lattice, Masutomi et al. 2004]

Kitaev’s “toric code” (but no conserved particle number/magnetization)
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http://link.aps.org/abstract/PRB/v65/e224412
http://link.aps.org/abstract/PRL/v94/e146805
http://link.aps.org/abstract/PRL/v94/e146805
http://publish.aps.org/abstract/prb/v60/p1064
http://link.aps.org/abstract/PRB/v68/e134424
http://link.aps.org/abstract/PRL/v91/e107001
http://link.aps.org/abstract/PRL/v98/e107204
http://link.aps.org/abstract/PRL/v98/e077204
http://arxiv.org/abs/cond-mat/0610540v2
http://arxiv.org/abs/cond-mat/0703141v1
http://arxiv/0705.2821v1
http://link.aps.org/abstract/PRL/v92/e025301
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Short-range RVB picture

P. W. Anderson’s idea (1973) : (short-ranged) resonating valence-bond (RVB)
Linear superposition of many (exponential) low-energy short-range valence-bond configurations

Spin-½ excitations ?
Crystal of singlets → linear potential between spinons
Liquid of singlets → we may expect deconfined spinons

Topological degeneracy & spinon fractionalization
2-fold degeneracy
⇒ Satisfies LSMH

( )↓↑−↑↓=
2
1

S=0 spin singlet

Spatially uniform state
(P.W. Anderson, 1973)

   

=+ + …

Topological degeneracy
(X.-G. Wen 1991)  ↔

fractionalization
See also Oshikawa & Senthil

PRL 96, 060601 (2006) 
adiabatic process → New ground-state

fractional
spin-½ magnetic
excitation (spinon)

http://dx.doi.org/10.1103/PhysRevLett.96.060601
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Schwinger bosons

Schwinger boson representation of the SU(2) spin algebra
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Path integral formulation

Hubbard-Stratonovich → spinons interacting with bond fields Qrr’
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Saddle point approximation
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Bogoliubov transformation→ mean-field RVB spin liquid with free (gapped) spinons,
(we assume no Bose condensation (i.e. magnetic/Néel LRO) ok for small enough S)

Is such an approximation reliable ? Effect of the (neglected) fluctuations ?

Note:
Can be motivated as a large-N limit
With N: number of boson flavors
(Read & Sachdev)
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Mean-field Hamiltonian :
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Fluctuations about the saddle point: Z2 gauge field
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A toy model describing the fluctuations
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A toy model describing the fluctuations: toric code limit
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Part III

Quantum dimer models
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Quantum dimer modelsQuantum dimer models

 

 

Basis states = fully packed dimer coverings of the lattice

Introduce some dynamics
( )↓↑−↑↓=

2
1

Simplified picture
for a S=1/2
antiferromagnet with a
“short-range RVB liquid”
ground state

Rokhsar & Kivelson, Phys. Rev. Lett. (1988)

Example:

Nature of the ground state ?
Conventional order ?
Topological order ?
Critical phases/points  ?



20Symposium on TQC, Dublin 15-17 Sept. 2008 G. Misguich

Dimer liquid phase in the triangular QDMDimer liquid phase in the triangular QDM

∑
∑

++

+−=

V

JH

Hamiltonian [Moessner & Sondhi, 2001]

Phase diagram

Liquid phase:
- Short-range dimer-dimer correlations
- Gapped excitation spectrum
- The g. s. degeneracy depends on the 

topology.
- The degenerate g. s.  cannot be 

distinguished by any local observable.
- Effective Z2 gauge theory

J=V=1 “Rokhsar-Kivelson point”
The ground state(s) is(are) known exactly

=Equal amplitude superposition of all dimer 
coverings :

First simple model with a short-ranged RVB liquid.
Moessner & Sondhi, Phys. Rev. Lett. (2001)
Ralko et al., Phys. Rev. B 74, 134301 (2006) + refs. Therein
GM and Mila, Phys. Rev. B 77, 134421 (2008)

V/J
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Rokhsar-Kivelson point - triangular QDM
At J=V=1, the Hamiltonian can be written as

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

= ∑

2
1

2

r

r
rrH

ψ

ψψ = Sum of projectors

r r

∑=
c

cg.s.

state-ground a0g.s.

0g.s.

otherwise  0

  if  

  if  

\\2
1

\\2
1

⇒=⇒

=Ψ

⎪
⎪
⎩

⎪⎪
⎨

⎧

=−

=

=Ψ

H

cc

cc

c

r

r

r

r LL

LL r

r



22Symposium on TQC, Dublin 15-17 Sept. 2008 G. Misguich

Excitations of the toric code
Kitaev 1997
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Excitations in the dimer liquid

Magnetic Z2 vortices (« visons »)
Analogy with the toric code

{ }
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−≈
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coverings

),(

coverings

1vison

g.s.

c

cN

c

c

c

Ω

Contrary to the toric code, this trial state 
is not an exact eigenstate…
See also: GM, Serban & Pasquier PRL (2002)

Electric charge = monomer
Magnetic charge = vison
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Variational approximation (I)
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Not an exact eigenstate…
Not orthogonal to each other

Ω
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≠

≠=

pHp
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G
M

 and M
ila, P

hys. R
ev. B

 77, 134421 (2008)

Overlap and dispersion relation are computed using Pfaffians
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Variational approximation (I)

Improved variational wave-function
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α: variational parameter

Overlap and dispersion relation are computed using Pfaffians (not easy…)
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Dispersion relation of the « magnetic » vortices

Points: Green’s function Quantum Monte Carlo
Ralko et al., Phys. Rev. B 76, 140404(R) (2007)

GM and Mila, Phys. Rev. B 77, 134421 (2008)

« Bare » variational vortex

« Improved » variational vortex
(var. parameter α=-0.8)
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Dimer crystallization – Z2 vortex condensation

Ralko et al.,
Phys. Rev. B 76, 140404(R) (2007) 

1212 × Z 2
Li

qu
id

1
V/J

« Soft dimer » approximation

G
M

 and M
ila, P

hys. R
ev. B

 77, 134421 (2008)

V/J

RK

R
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Reduced density matrices for RK wave functions
Furukawa & GM, Phys. Rev. B 75, 214407 (2007)
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http://link.aps.org/abstract/PRB/v75/e214407
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Probing topological order with entanglement entropy

A B

C

A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404(2006)

( ) ( )CBAACBCABABCtopo SSSSSSSS +++++−=

Furukaw
a &

 G
M

,
P

hys. R
ev. B

 75, 214407 (2007)

See also: M. Levin and X.-G. Wen, Phys. Rev. Lett. 96, 110405(2006) 

Z2 Liquid: Dtot=2. Seems ok !

See also (FQHE) : Haque, et al., 
Phys. Rev. Lett. 98, 060401 
(2007); Zozulya et al., Phys. Rev. B 
76, 125310 (2007). 
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http://link.aps.org/abstract/PRL/v96/p110404
http://link.aps.org/abstract/PRB/v75/e214407
http://link.aps.org/abstract/PRL/v96/p110405
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Reduced density matrix for RK wave functions
GM & V. Pasquier, work in progress…

Cylinder geometry

Exterior 

Sub-system

Boundary

Ω

Ω

1) Write the transfer matrix M of the classical problem

2) find the ground state |ψ> of M
(=assume an infinitely long cylinder).
In the dimer case: 1D free fermions.

3) All the probabilities of the boundary states are contained in
the ground state of M (the full RDM spectrum) :

4) Compute the entanglement entropy

2
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Summary

Lieb-Shultz-Mattis-Hastings theorem:
a gapped Mott insulator is either

- topologically ordered,
- or “conventionally” ordered.

⇒ Frustrated Heisenberg magnets may provide realizations
of gapped topological states
… but no experimental evidence so far.

Quantum dimer models & RK wave functions
offer tractable models to study entanglement,
fractionalization and topological order.

E

Δ>0

Ω

Ω

Ω
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