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“Real” gauge fields

perconductivity, and managed to solve the mystery of
the finite Knight shift at low temperatures, introducing
the spin-orbit scattering !Abrikosov and Gor’kov, 1962".

After the discovery of high-temperature superconduc-
tivity in layered copper oxides by J. G. Bednorz and K.
A. Mueller !1986" I became interested in their proper-
ties. There existed many different approaches to these
unusual substances and virtually all of them postulated
some exotic mechanism of superconductivity. I based my
approach on the BCS theory, taking into account the
specific features of the electron spectrum, mostly the
quasi-two-dimensionality and the so-called “extended
saddle point singularities,” or “flat regions” in the elec-
tron spectrum !Abrikosov, 2000". Another idea was the
resonant tunneling connection between the CuO2 layers
!Abrikosov, 1999", which is responsible for conductivity
and superconductivity. On this basis I was able to ex-

plain most of the experimental data about layered cu-
prates without dividing them into “good” ones, which
should be mentioned on every possible occasion, and
“bad” ones, which should be forgotten. As a result I can
state that the so-called “mystery” of high-Tc supercon-
ductivity does not exist.
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Artificial gauge fields 1: Rotating gases
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Vortex Formation in a Stirred Bose-Einstein Condensate

K.W. Madison, F. Chevy, W. Wohlleben,* and J. Dalibard
Laboratoire Kastler Brossel,† Département de Physique de l’Ecole Normale Supérieure, 24 rue Lhomond, 75005 Paris, France

(Received 1 December 1999)
Using a focused laser beam we stir a Bose-Einstein condensate of 87Rb confined in a magnetic trap and

observe the formation of a vortex for a stirring frequency exceeding a critical value. At larger rotation
frequencies we produce states of the condensate for which up to four vortices are simultaneously present.
We have also measured the lifetime of the single vortex state after turning off the stirring laser beam.

PACS numbers: 03.75.Fi, 32.80.Lg, 67.40.Db

Rotations in quantum physics constitute a source of
counterintuitive predictions and results as illustrated by the
famous “rotating bucket” experiment with liquid helium.
When an ordinary fluid is placed in a rotating container, the
steady state corresponds to a rotation of the fluid as a whole
together with the vessel. Superfluidity, first observed in
liquid He II, changes dramatically this behavior [1,2]. For
a small enough rotation frequency, no motion of the super-
fluid is observed; while above a critical frequency, lines of
singularity appear in its velocity field. These singularities,
referred to as vortex filaments, correspond to a quantized
circulation of the velocity (nh!m, where n is an integer,
and m the mass of a particle of the fluid) along a closed
contour around the vortex. In this Letter, we report the ob-
servation of such vortices in a stirred gaseous condensate of
atomic rubidium. We determine the critical frequency for
their formation, and we analyze their metastability when
the rotation of the confining “container” is stopped.
The interest in vortices for gaseous condensates is that,

due to the very low density, the theory is tractable in these
systems and the diameter of the vortex core, which is on
the order of the healing length, is typically 3 orders of
magnitude larger than in He II. At this scale, further im-
proved by a ballistic expansion, the vortex filament is large
enough to be observed optically. The generation of quan-
tized vortices in gaseous samples has been the subject of
numerous theoretical studies since the first observations of
Bose-Einstein condensation in atomic gases [3–6]. Two
schemes have been considered. The first one uses laser
beams to engineer the phase of the condensate wave func-
tion and produce the desired velocity field [7–11]. Re-
cently this scheme [10] has been successfully applied to
a binary mixture of condensates, resulting in a quantized
rotation of one of the two components around the second
one [12]. Phase imprinting has also been used for the gen-
eration of solitons inside a condensate [13,14].
The second scheme, which is explored in the present

work, is directly analogous to the rotating bucket experi-
ment [15,16]. The atoms are confined in a static, cylindri-
cally symmetric Ioffe-Pritchard magnetic trap upon which
we superimpose a nonaxisymmetric, attractive dipole po-
tential created by a stirring laser beam. The combined po-
tential leads to a cigar-shaped harmonic trap with a slightly

anisotropic transverse profile. The transverse anisotropy is
rotated at angular frequency V as the gas is evaporatively
cooled to Bose-Einstein condensation, and it plays the role
of the bucket wall roughness.
In this scheme, the formation of vortices is, in principle,

a consequence of thermal equilibrium. In the frame ro-
tating at the same frequency as the anisotropy, the Ham-
iltonian is time independent, and one can use a standard
thermodynamics approach to determine the steady state of
the system. In this frame, the Hamiltonian can be writ-
ten H̃ ! H 2 VLz , where H is the Hamiltonian in the
absence of rotation, and Lz is the total orbital angular mo-
mentum along the rotation axis. Above a critical rotation
frequency, Vc, the term 2VLz can favor the creation of
a state where the condensate wave function has an angu-
lar momentum h̄ along the z axis and therefore contains a
vortex filament [17–25]. The density of the condensate at
the center of the vortex is zero, and the radius of the vortex
core is of the order of the healing length j ! "8par#21!2,
where a is the scattering length characterizing the 2-body
interaction, and r the density of the condensate [26].
The study of a vortex generated by this second route

allows for the investigation of several debated questions
such as the fate of the system when the rotating velocity
increases above Vc. This could in principle lead to the
formation of a single vortex with n . 1 at the center of
the trap; however, this state has been shown to be either
dynamically or thermodynamically unstable [1,21–24,27].
The predicted alternative for large rotation frequencies
consists of a lattice of n ! 1 vortices. Another impor-
tant issue is the stability of the current associated with the
vortex once the rotating anisotropy is removed [28].
Our experimental setup has been described in detail pre-

viously [29]. We start with 109 87Rb atoms in a magneto-
optical trap which are precooled and then transferred into
an Ioffe-Pritchard magnetic trap. The evaporation radio
frequency starts at nrf ! 15 MHz and decreases exponen-
tially to n

"final#
rf in 25 s with a time constant of 5.9 s. Con-

densation occurs at Dnrf ! n
"final#
rf 2 n

"min#
rf $ 50 kHz,

with 2.5 3 106 atoms and a temperature 500 nK . Here
n

"min#
rf ! 430 "61# kHz is the radio frequency which emp-
ties completely the trap. The slow oscillation frequency of
the elongated magnetic trap is vz!"2p# ! 11.7 Hz (z is
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horizontal in our setup), while the transverse oscillation
frequency is v!!"2p# ! 219 Hz. For a quasipure con-
densate with 105 atoms, using the Thomas-Fermi approxi-
mation, we find for the radial and longitudinal sizes of the
condensate D! ! 2.6 mm and Dz ! 49 mm, respectively.
When the evaporation radio frequency nrf reaches the

value n
"min#
rf 1 80 kHz, we switch on the stirring laser

beam which propagates along the slow axis of the mag-
netic trap. The beam waist is ws ! 20.0 "6 1# mm and
the laser power P is 0.4 mW. The recoil heating induced
by this far-detuned beam (wavelength 852 nm) is negli-
gible. Two crossed acousto-optic modulators, combined
with a proper imaging system, then allow for an arbitrary
translation of the laser beam axis with respect to the sym-
metry axis of the condensate.
The motion of the stirring beam consists of the super-

position of a fast and a slow component. The optical
spoon’s axis is toggled at a high frequency (100 kHz)
between two symmetric positions about the trap axis z.
The intersections of the stirring beam axis and the z ! 0
plane are 6a"cosu ux 1 sinu uy#, where the distance a is
8 mm. The fast toggle frequency is chosen to be much
larger than the magnetic trap frequencies so that the atoms
experience an effective two-beam, time averaged potential.
The slow component of the motion is a uniform rotation
of the angle u ! Vt. The value of the angular frequency
V is maintained fixed during the evaporation at a value
chosen between 0 and 250 rad s21.
Since ws ¿ D!, the dipole potential, proportional to

the power of the stirring beam, is well approximated by
mv2

!"eXX2 1 eY Y2#!2. The X, Y basis is rotated with
respect to the fixed axes (x, y) by the angle u"t#, and
eX ! 0.03 and eY ! 0.09 for the parameters given above
[30]. The action of this beam is essentially a slight modi-
fication of the transverse frequencies of the magnetic trap,
while the longitudinal frequency is nearly unchanged. The
overall stability of the stirring beam on the condensate ap-
pears to be a crucial element for the success of the experi-
ment, and we estimate that our stirring beam axis is fixed
to and stable on the condensate axis to within 2 mm. We
checked that forV , Vc the stirring beam does not affect
the evaporation.
For the data presented here, the final frequency of the

evaporation ramp was chosen just above n
"min#
rf (Dnrf [

$3, 6% kHz). After the end of the evaporation ramp, we
let the system reach thermal equilibrium in this “rotating
bucket” for a duration tr ! 500 ms in the presence of an
rf shield 30 kHz above n

"final#
rf . The vortices induced in

the condensate by the optical spoon are then studied using
a time-of-flight analysis. We ramp down the stirring beam
slowly (in 8 ms) to avoid inducing additional excitations
in the condensate, and we then switch off the magnetic
field and allow the droplet to fall for t ! 27 ms. Because
of the atomic mean field energy, the initial cigar shape of
the atomic cloud transforms into a pancake shape during

the free fall. The transverse xy and z sizes grow by a
factor of 40 and 1.2, respectively [31]. In addition, the
core size of the vortex should expand at least as fast as
the transverse size of the condensate [31–33]. Therefore,
a vortex with an initial diameter 2j ! 0.4 mm for our
experimental parameters is expected to grow to a size of
16 mm.
At the end of the time-of-flight period, we illuminate the

atomic sample with a resonant probe laser for 20 ms. The
shadow of the atomic cloud in the probe beam is imaged
onto a CCD camera with an optical resolution &7 mm.
The probe laser propagates along the z axis so that the
image reveals the column density of the cloud after expan-
sion along the stirring axis. The analysis of the images,
which proceeds along the same lines as in [29], gives ac-
cess to the number of condensed N0 and uncondensed N 0

atoms and to the temperature T . Actually, for the present
data, the uncondensed part of the atomic cloud is nearly
undetectable, and we can give only an upper bound for the
temperature T , 80 nK.
Figure 1 shows a series of five pictures taken at vari-

ous rotation frequencies V. They clearly show that for
fast enough rotation frequencies we can generate one or
several (up to 4) “holes” in the transverse density distri-
bution corresponding to vortices. We show for the 0- and
1-vortex cases a cross section of the column density of the
cloud along a transverse axis. The 1-vortex state exhibits

FIG. 1. Transverse absorption images of a Bose-Einstein con-
densate stirred with a laser beam (after a 27 ms time of flight).
For all five images, the condensate number is N0 ! "1.4 6
0.5# 105 and the temperature is below 80 nK. The rotation fre-
quency V!"2p# is, respectively, (c) 145 Hz, (d) 152 Hz, (e)
169 Hz, (f ) 163 Hz, (g) 168 Hz. In (a) and (b) we plot the vari-
ation of the optical thickness of the cloud along the horizontal
transverse axis for the images (c) (0 vortex) and (d) (1 vortex).

807



Artificial gauge fields 2: Atom-laser coupling

LETTERS

Synthetic magnetic fields for ultracold neutral atoms
Y.-J. Lin1, R. L. Compton1, K. Jiménez-Garcı́a1,2, J. V. Porto1 & I. B. Spielman1

Neutral atomic Bose condensates and degenerate Fermi gases have
been used to realize important many-body phenomena in their
most simple and essential forms1–3, without many of the complex-
ities usually associated withmaterial systems.However, the charge
neutrality of these systems presents an apparent limitation—a
wide range of intriguing phenomena arise from the Lorentz force
for charged particles in a magnetic field, such as the fractional
quantum Hall effect in two-dimensional electron systems4,5. The
limitation can be circumvented by exploiting the equivalence of
the Lorentz force and the Coriolis force to create synthetic mag-
netic fields in rotating neutral systems. This was demonstrated by
the appearance of quantized vortices in pioneering experiments6–9

on rotating quantum gases, a hallmark of superfluids or super-
conductors in a magnetic field. However, because of technical
issues limiting the maximum rotation velocity, the metastable
nature of the rotating state and the difficulty of applying stable
rotating optical lattices, rotational approaches are not able to
reach the large fields required for quantum Hall physics10–12.
Here we experimentally realize an optically synthesized magnetic
field for ultracold neutral atoms, which is evident from the appear-
ance of vortices in our Bose–Einstein condensate. Our approach
uses a spatially dependent optical coupling between internal states
of the atoms, yielding a Berry’s phase13 sufficient to create large
synthetic magnetic fields, and is not subject to the limitations of
rotating systems.With a suitable lattice configuration, it should be
possible to reach the quantum Hall regime, potentially enabling
studies of topological quantum computation.

In classical electromagnetism, the Lorentz force for a particle of
charge qmoving with velocity v in a magnetic field B is v3 qB. In the
Hamiltonian formulation of quantum mechanics, where potentials
play amore central role than fields, the single-particle Hamiltonian is
H~B2 k{qA=Bð Þ2

!
2m, where A is the vector potential giving rise to

the field B5=3A, Bk is the canonical momentum and m is the
mass. In both formalisms, only the products qB and qA are import-
ant. To generate a synthetic magnetic field B* for neutral atoms, we
engineered aHamiltonian with a spatially dependent vector potential
A* producing B*5=3A*.

The quantum mechanical phase is the relevant and significant
quantity for charged particles in magnetic fields. A particle of charge
q travelling along a closed loop acquires a phase w5 2pWB /W0 due to
the presence of magnetic field B, where WB is the enclosed magnetic
flux and W05 h/q is the flux quantum. A similar path-dependent
phase, the Berry’s phase13, is the geometric phase acquired by a slowly
moving particle adiabatically traversing a closed path in a
Hamiltonian with position-dependent parameters. The Berry’s phase
depends only on the geometry of the parameters along the path, and
is distinct from the dynamic contribution to the phase, which
depends upon the speed of the motion.

The close analogy with the Berry’s phase implies that properly
designed position-dependent Hamiltonians for neutral particles
can simulate the effect of magnetic fields on charged particles. We

created such a spatially varying Hamiltonian for ultracold atoms by
dressing them in an optical field that couples different spin states. The
appropriate spatial dependence can originate from the laser beams’
profile10,14,15 or, as here, from a spatially dependent laser–atom
detuning16. An advantage of this optical approach over rotating gases
is that the synthetic field exists at rest in the laboratory frame, allow-
ing all trapping potentials to be time-independent.

The large synthetic magnetic fields accessible by this approach
make possible the study of unexplored bosonic quantum-Hall states,
labelled by the filling factor n5WB /W0, the ratio of atom number to
the number of flux quanta. The outstanding open questions in
quantum-Hall physics centre on systems whose elementary quasi-
particle excitations are anyons: neither bosons nor fermions. In some
cases these anyons may be non-abelian, meaning that moving them
about each other can implement quantum gates, which makes non-
abelian anyons of great interest for this ‘topological’ quantum com-
putation17. In electronic systems, the observed n5 5/2 quantum-Hall
state may be such a system, but its true nature is still uncertain18. In
contrast, the n5 1 bosonic quantum-Hall state with contact interac-
tions has the same non-abelian anyonic excitations as the n5 5/2
state in electronic systems is hoped to have19.

To engineer a vector potential A#~A#
x x̂x, we illuminated a 87Rb

Bose–Einstein condensate (BEC) with a pair of Raman laser beams
withmomentum difference along x̂x (Fig. 1a). These coupled together
the three spin states, mF5 0 and 61, of the 5S1/2, F5 1 electronic
ground state (Fig. 1b), producing three dressed states whose energy–
momentum dispersion relations Ej(kx) are experimentally tunable.
Example dispersions are illustrated in Fig. 1c. The lowest of
these, with minimum at kmin, corresponds to a term in the
Hamiltonian associated with the motion along x̂x, namely
H#

x<B2 kx{kminð Þ2
!
2m#~B2 kx{q#A#

x

!
B

" #2.
2m#, where A#

x is an
engineered vector potential that depends on an externally controlled
Zeeman shift for the atom with synthetic charge q*, and m* is the
effective mass along x̂x. To produce the desired spatially dependent
A#
x yð Þ (see Fig. 1d), generating{B#ẑz~+|A#, we applied a Zeeman

shift that varied linearly along ŷy. The resulting B* was approximately
uniform near y5 0, at which point A#

x~B#y. (Here, the microscopic
origin of the synthetic Lorentz force20 was optical along x̂x, depending
upon the velocity along ŷy; the force along ŷy was magnetic, depending
upon the x̂x velocity.) In this way, we engineered a Hamiltonian for
ultracold atoms that explicitly contained a synthetic magnetic field,
with vortices in the ground state of a BEC. This is distinctly different
from all existing experiments, where vortices are generated by phase
imprinting21,22, rotation7–9, or a combination thereof23. Each of these
earlier works presents a different means of imparting angular
momentum to the system yielding rotation. Figure 1e shows an
experimental image of the atoms with B*5 0. Figure 1f, with
B*. 0, shows vortices. This demonstrates an observation of an optic-
ally induced synthetic magnetic field.

We created a 87Rb BEC in a 1,064-nm crossed dipole trap, loaded
into the lowest-energy dressed state24 with atom number N up to

1Joint Quantum Institute, National Institute of Standards and Technology, and University of Maryland, Gaithersburg, Maryland, 20899, USA. 2Departamento de Fı́sica, Centro de
Investigación y Estudios Avanzados del Instituto Politécnico Nacional, México DF, 07360, México.
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vortices did not form a lattice and the positions of the vortices were
irreproducible between different experimental realizations, consist-
ent with our GPE simulations. We measured Nv as a function of
detuning gradient d0 at two couplings, BVR5 5.85EL and 8.20EL
(Fig. 2). For each VR, vortices appeared above a minimum gradient
when the corresponding field B!h i~d’ LA!

x

!
Ld

" #
exceeded the crit-

ical field B!
c . (For our coupling, B* is only approximately uniform

over the system and ÆB*æ is the field averaged over the area of the
BEC.) The inset shows Nv for both values of VR plotted versus
WB!=W0~Aq! B!h i=h, the vortex number for a system of area
A~pRxRy with the asymptotic vortex density, where Rx (or Ry) is
the Thomas–Fermi radius along x̂x or ŷyð Þ. The system size, and thus
B!
c , are approximately independent ofVR, so we expected this plot to

be nearly independent of Raman coupling. Indeed, the data for
BVR5 5.85EL and 8.20EL only deviated for Nv, 5, probably owing
to the intricate dynamics of vortex nucleation27.

Figure 3 illustrates a progression of images showing that vortices
nucleate at the system’s edge, fully enter to an equilibrium density
and then decay along with the atom number. The timescale for vortex
nucleation depends weakly onB*, and ismore rapid for largerB*with
more vortices. It is about 0.3 s for vortex number Nv$ 8, and
increases to about 0.5 s forNv5 3. ForNv5 1 (B* near B!

c ), the single
vortex always remains near the edge of the BEC. In the dressed state,
spontaneous emission from the Raman beams removes atoms from
the trap, causing the population to decay with a 1.4(2)-s lifetime, and
the equilibrium vortex number decreases along with the area of the
BEC.

To verify that the dressed BEC has reached equilibrium, we pre-
pared nominally identical systems in two different ways. First, we
varied the initial atom number and measured Nv as a function of
atom number N at a fixed hold time of th5 0.57 s. Second, starting
with a large atom number, we measured both Nv and N, as they

X position after TOF (μm)

!′ = 0 !′/2π = 0.13 kHz µm–1 !′/2π = 0.27 kHz µm–1

!′/2π = 0.31 kHz µm–1 !′/2π = 0.34 kHz µm–1 !′/2π = 0.40 kHz µm–1

Y 
po

si
tio

n 
af

te
r T

O
F 

(μ
m

)

Detuning gradient, !′/2π (kHz µm–1)

g

–80 0 80–80 0 80

–80

–80

 80

 80

 0

 0

–80 0 80

10

5

0
20100

12

10

8

6

4

2

0
0.40.30.20.10.0

Vo
rt

ex
 n

um
be

r, 
N

v

a b c

d e f
B*/   0" "

Figure 2 | Appearance of vortices at different detuning gradients. Datawas
taken for N5 1.43 105 atoms at hold time th5 0.57 s. a–f, Images of the
|mF5 0æ component of the dressed state after a 25.1-ms TOF with detuning
gradient d0/2p from 0 to 0.43 kHzmm21 at Raman coupling BVR5 8.20EL.
g, Vortex numberNv versus d

0 at BVR5 5.85EL (blue circles) and 8.20EL (red
circles). Each data point is averaged over at least 20 experimental

realizations, and the uncertainties represent one standard deviation s. The
inset displaysNv versus the synthetic magnetic fluxWB!=W0~Aq! B!h i=h in
the BEC. The dashed lines indicate d0, below which vortices become
energetically unfavourable according to our GPE computation, and the
shaded regions show the 1s uncertainty from experimental parameters.
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Figure 3 | Vortex formation. a–f, Images of the |mF5 0æ component of the
dressed state after a 30.1-ms TOF for hold times th between 20.019 s and
2.2 s. The detuning gradient d0/2p is ramped to 0.31 kHzmm21 at the
coupling BVR5 5.85EL. g, Top panel shows time sequence of d0. (a.u.,

arbitrary units.) Bottom panel shows vortex numberNv (solid symbols) and
atom number N (open symbols) versus th with a population lifetime of
1.4(2) s. The number in parentheses is the uncorrelated combination of
statistical and systematic 1s uncertainties.
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Charged 2D particle in perpendicular magnetic field

B
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On non-Abelian gauge fields

Components can be written as matrices: ~A = Ax x̂ + Ay ŷ + Az ẑ

Magnetic field: ~B = ~∇× ~A− i~A× ~A

Gauge transformation: Aµ → UAµU
† + iU∂µU

†

Covariant quantities: ~B→ U~BU†

H = 1
2m

(
~p − ~A

)2
→ UHU†

Two gauge inequivalent vector potentials can produce same
magnetic field, e.g.:

~A = σz(−y , x , 0)T

~A′ = (−σy , σx , 0)T

}
⇒ ~B = 2σz ẑ



Adiabatic insertion of
non-Abelian flux



Laughlin’s flux insertion argument
Φ =

∮
~A · d ~̀

~A(t) = 1
2Br φ̂+ Φ(t)

2πr φ̂

Away from origin ~B(t) = Bẑ

|m〉 → |m + 1〉
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Spin-1/2 particles

H = 1
2m (~p − ~A)2

~A = B
2 r φ̂I ⇒ ~B = BẑI

Eigenstates: |n,m, ε〉, where ε ∈ {↑, ↓}

How to insert non-Abelian flux?

~A→ ~A + δ~A(t)



Adiabatic insertion of non-Abelian flux

Initial state:
|ψi 〉 =

⊗mf
m=0 |m ↑〉

δAr (λ) = −λ
1+(λr)2σφ

δAφ(λ) = −λ2r
1+(λr)2σz + λ

1+(λr)2σr

H(0)→ H(λ)

H(λ)|ψ(λ)〉 = E (λ)|ψ(λ)〉

Conservation of angular momentum: Jz = Lz + 1
2σz

|ψf (λ)〉 =
⊗mf

m=0 [um(λ)|m ↑〉 − vm(λ)|m + 1 ↓〉]

B. Estienne, S.M. Haaker and K. Schoutens, New J. Phys. (2011)



Mixing angle

|ψf (λ)〉 =
⊗mf

m=0 [um(λ)|m ↑〉 − vm(λ)|m + 1 ↓〉]

um(λ) = cos(θm(λ))

vm(λ) = sin(θm(λ))

θm(λ) =

∫ ∞

0
dr arctan(λr)

r2m+2e−r2/2

2m
√

2m!(m + 1)!Non-Abelian gauge fields 12
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Figure 2. Mixing coefficients um(λ) and vm(λ), for two different values of λ. Around
m ∼ 1/(2λ2), um(λ) and vm(λ) are equal to each other.

where we introduced cylindrical coordinates and σr = "σ · "ur and σφ = "σ · "uφ. Note that

for r " 1/λ this field configuration does not depend on λ and behaves as

δAφ ∼ −
1

r
σz + O(1/r2) , (45)

precisely corresponding to the addition of a unit Abelian flux quantum at the origin.

Our starting point is a fully polarized integer qH state, represented as a product

state |ψ(0)〉 =
⊗mf

m=0 |m, ↑〉, which has the the first (mf + 1) LLL orbitals filled with

spin-↑ particles. We adiabatically insert the non-Abelian flux (??) by slowly sweeping

λ from λ = 0 to its final value. Just like in the Abelian case we gauge this evolved state

back to the initial situation. In this way the final state lives in the same Hilbert space

as the initial one, HE(0). The resulting final state is as follows

|ψ0(λ)〉 =

mf⊗

m=0

(um(λ)|m ↑〉 − vm(λ)|m + 1 ↓〉) . (46)

The mixing coefficients {um(λ), vm(λ)} depend on both the orbital m and the adiabatic

parameter λ. They are given in (??) and are plotted in figure ?? as a function of m, for

two values of λ. Around orbital number m ∼ 1/(2λ2), um(λ) and vm(λ) cross, resulting

in a vanishing of the z-component of the spin.

The asymptotic behavior of the mixing coefficients as m →∞ can be read off from

(??). For large m, corresponding to a radius r " 1/λ, the adiabatic process boils down

to |m ↑〉 → |m + 1, ↓〉. This follows directly from the Berry matrix calculation, but it

can be understood simply from the conservation of Jz = Lz + 1
2
σz. At large distance

the flux we insert is essentially an Abelian one (??), and it induces a charge transfer

|m〉 → |m + 1〉, changing the angular momentum Lz by one unit. Then the only way to

accommodate the conservation of Jz is through an accompanying spin flip | ↑〉 → | ↓〉.
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Quantum Hall Skyrmion

Initial state:
|ψi 〉 =

⊗mf
m=0 |m ↑〉

δAr (λ) = −λ
1+(λr)2σφ

δAφ(λ) = −λ2r
1+(λr)2σz + λ

1+(λr)2σr

r � 1
λ : δ~A ∼ λ



−σy

σx

0




r � 1
λ : δ~A ∼ −1

r σz φ̂

|ψf (λ)〉 =
⊗mf

m=0 [um(λ)|m ↑〉 − vm(λ)|m + 1 ↓〉]

B. Estienne, S.M. Haaker and K. Schoutens, New J. Phys. (2011)



More results

• Spectrum on a sphere

• Non-Abelian flux insertion in spin-unpolarized
ν = 2 quantum Hall state

Outlook

• Connection to TI

- ~A = B
2 (−y x̂ + xŷ)σz : quantum spin Hall effect

- Li and Wu (arXiv:1103.5422): 3D TI’s w/ Landau levels

- Domain wall between two phases with different
non-Abelian magnetic fields



Conclusion

• Artificial non-Abelian gauge fields can in principal be created
in cold atomic gases

• Way to simulate charged spin-1/2 particles in a perpendicular
magnetic field

• Adiabatic insertion of non-Abelian flux in a spin-polarized
background ⇒ quantum Hall Skyrmion


