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Toric code

Toric code

- spin 1/2 particles on the edges of a square lattice (green)

T c~ eﬁ (Zstar Q +Z 'plaquettes Q )

A.Y Kitaev, Fault-tolerant quantum computation by anyons,
Ann. Phys. 303, 2 (2003).

Unitarily equivalent toric code

- spin 1/2 particles on the vertices of a square lattice (blue)
- connects naturally with the Kitaev honeycomb model

Hpe = effz Q

— Ty Y z z
Qs = Ve right(a)Vup@ ¥ up
Pauli matrices
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Toric code

Hamiltonian H 7c ~ e Zp Qp Qp = ’Czp’cyp +n;Cy p+ny’CZp+n n,
“Symmetries” [ H o Qp] =0 [Q , Qq] = ()
Eigensvalues the operators 0, have eigenvalues O, = +1; for all p we have {Q,}

{0, }> 1s characterized completely by the eigenvalues O.: 0, [{0,}> = 0, {10,}> Vp

Ground state is stabilized by Q,, for all p W~ A~ @
|
S - n=nj+n, -
0, 19,> =10} n,
- - []
110p>1c = {Q, = 1}for all plaquettes> |,
Tf-]"'n_}l: Tl::tr—l‘l .
On torus, we have HQp =1, and Q Q)
N,
two additional homologically nontrivial symmetries qu' Tro-n

HQp}? lx’ ly>TC

The energy does not depend on

the eigenvalues of the homologically nontrivial symmetries;

this implies four-fold ground state degeneracy.



Quasiparticles ® m A e
Toric code quasiparticle excitations, Q,=-1, are b
* “magnetic” (living on blue plaquettes) or “electric” (white plaquettes), A®
» are created in pairs by acting on the ground state with Pauli operators. ¢
. o |
Operator C , to move a single “magnetic” excitation in e._gp

a contractible loop L is the product of all “electric” plaquette operators

enclosed by the loop (and vice versa). m
o9

If the initial state [{Q,}> contains an “electric” excitation then moving a magnetic excitation around it
returns the initial state with the phase changed by -1 implying that:

* “magnetic” and “electric” particles * “e-m” composite is a fermion
are relative semions

“e-m” fermion behaves as semion when braided with an “e” or “m” particle



Kitaev honeycomb lattice model

R
P
=3 Jazi,j Go‘iGaj = 2,7, Zi,j Ka‘ij o -link: X'lin.k/’ ./. ./. ./. ®

1,=1,0,=3,=0 e e e

Hy=1J, 2,; 050" + +

x—li%ﬁl

A Phase diagram:
* phase A - can be mapped perturbatively onto
B the toric code;
A A * phase B - gapless.
I=1, =1,
J,=1,=0 1=1=0
Adding magnetic field: « parity and time-reversal symmetry are broken
* phase B acquires a gap and becomes
H= Ho - H1 - Ho + Zi Zazx,y,z BaGa,i non-abelian topological phase of Ising type

The leading P and T breaking term in perturbation theory occurs at the third order:

G . 6

JTI i Ij[ ‘|'.4'.-' P( i) x Y _=z = Y T oVo%aZ + aVeZa% 4+ oFa2a? + Voot

1 q) (q) 1005 + 05050, + 010505 1T50¢g 3Val5 21
q 1=1 =1

A.Y Kitaev, Ann. Phys. 321, 2 (2006).



Mapping abelian phase onto toric code

_,T, - ,_}ry_ _,Tl

Hy, = —J, E o “dimers”

z—links

r - fr el Yy
1 = —Ju E ;0 — J&:‘ E C"‘}- T5

z—links y—links

Effective spins

- are formed by ferromagnetic ground states of -J,070}°

| Desr =111 | Lers= |11

A.Y Kitaev, Fault-tolerant quantum computation by anyons,
Ann. Phys. 303, 2 (2003).
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Mapping abelian phase onto toric code

Effective Hamiltonian (no magnetic field)

first non-constant term of perturbation theory . / '\, / ‘\. / ‘\. / ‘\.
occurs on the 4% order ) \ /\ /\ / \ /(
Cp = gliftl;wUfightl;p;lGEPLPJ{TQDWH'LPJ \/ \/ \/ \/

defined on the square lattice with effective spins on the vertices

Hyg = 1ETJ E Z Qp, toric code

Toric code quasiparticles and vortices of the honeycomb lattice model

WAVAVAVAN A
\4}/\/\/ YT T

AAYAVAN PAININS
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Vortex operators in the honeycomb model

Wp = 0*,0Y,0%,0%,0Y;0% =

— X X
K 2.3 K 5,6




Vortex sectors

Each energy eigenstate [n> is characterized by some vortex configuration
{w,=<n|W |[n>==+1} for all plaquettes p

also the vortices are always excited in pairs,
1.e. even-vortex configurations are relevant on closed surfaces or infinite plane,

the Hilbert space splits into vortex sectors, 1.e. subspaces of the system with a particular
configuration of vortices

vortex free sector examples from two-vortex sectors full vortex sector



Products of vortex operators

(we used (K%)= 1)

Products of vortex operators generate closed loops

K WK o) K oM-DEK o)

On a torus, this gives the condition

1L w, =1




Loop symmetries on torus

For a system of N spins on a torus (i.e. a system with N/2 plaquettes), Hp W, =1 implies that
there are N/2-1 independent vortex quantum numbers {w, ..., Wy, }-

al) g o2) aM-1) g o(M)

Loops on the torus K ,*VK;*“ .. K, , K,

- all homologically trivial loops are generated by plaquette operators
- in addition, two distinct homologically nontrivial loops are needed

to generate the full loop symmetry group
(the third nontrivial loop is a product of these two).

The full loop symmetry of the torus is the abelian group with N/2+1 independent generators of
the order 2 (loop?=l), i.e. Z,NV?*1,

All loop symmetries can be written as

C(k,l) =GEW, Wy ooy Wy )

b gt

where k 1s from {0,1,2,3} and G, = [, and G,, G,, G; are arbitrarily chosen symmetries from
the three nontrivial homology classes, and F), with / from {1, ..., 2NV?>"'} run through
all monomials in the /¥, operators.



Results on the Abelian phase

1) The symmetry structure of the system is manifested in the effective Hamiltonian obtained using

the Brillouin-Wigner perturbation theory. The longer loops occur at the higher order of the

perturbation expansion: ..
3 2N/ 4Q/ trivial
Heffzz Zci,jGi(ZaJ/)Fj( 15 Oy Onaa) WP%QP

i=0 =1 \
G. Kells, A. T. Bolukbasi, V. Lahtinen, J. K. Slingerland, J. K. Pachos and J. Vala,

nontrivial
Topological degeneracy and vortex manipulation in the Kitaev honeycomb model, 0 via
Phys. Rev. Lett. 101, 240404 (2008). - reflects tOpOlOgy

2) Fermions of the Abelian phase can be moved efficiently using the K strings from the symmetries.

A. T. Bolukbasi, et al., in preparation.

3) The symmetry structure of the effective Hamiltonian allows to classify all finite size effect,
intrisic to the system of sizes <36 spins: for example N=16 spins.

N T _/\I/‘\ N N N NN

E TYRE o
A _ P @ “ ) (4) }L} N | i
| ; + | = _16|.Ij| D (Qn+ Ry —5A,)
( w jz]g 4
| — D (Z, +5Y,)
o J 16]./. n +5Y,
2 4
N 4 | |
E / = a2 X+ Ty D X
F\J/\/ ~" \j\v ~— \VJ\_J \/”\vj\v \/] it —

G. Kells, N. Moran and J. Vala,
Finite size effects in the Kitaev honeycomb lattice model on torus, J. Stat. Mech. — Th. Exp., (2009) P03006
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exact solution

of the Kitaev honeycomb lattice model



Effective spins and hardcore bosons

New perspective:
spin-hardcore boson representation

|TIT:> — |ﬁ:ﬂ>: |‘Ll‘l’:>:| M]}
|Tl‘l’:> — |ﬁa1>‘a |‘LIT:>:| 4}:-”

Schmidt, Dusuel, and Vidal (2008)

Pauli operators:
iw =Tabh+bg) . of =bj+bg,

I:F?:. i (1 EI = RT
o4.a =Talbg +bg) , of =175(bg — E"q}'-
oim =T . GG, =5 (0~ 2}b).

Vortex and plaquette operators:

Woq=(I—-2N g)}(I—2N g:n,)Q4

— ki - Y y z
Nﬂ_bubq I':I'SI_Ttl Tq+n=Tq+n, Tg+n

P OO E

O—k—1r
#-l M yoling z-lirk I ﬂ wlirk z-IinV

¥

_.
“
=
.‘..% h‘
‘ ",
_

In the A -phase, J,>>J,, J,, the bosons are
energetically suppressed, thus at low energy

(W, 0>=[{0,}>
the low-energy perturbative Hamiltonian

rJ-Ilrl:ll' Z Qq ) j
q

equals to toric code Hpq

This allows to write down an orthonormal basis of the full system in terms of the toric code stabilizers:

(Wi 3>

where {W } lists all honeycomb plaquette operators and {q} lists the position vectors of any occupied

bosonic modes. On a torus, the homologically nontrivial symmetries must be added

Wt L™, 1, {q}>

G. Kells, et al., arXiv:0903.5211 (2009)



Jordan-Wigner transformation

Bosonic and effective spin Hamiltonian H = —J: Z{ba + bq)Ta4n. {E'E; en, +bgen.)

can be written in terms of fermions and L .

vortices by applying -y Z iTq [bil —bg)tqin, (bgin, T bgin,)
q

a Jordan-Wigner transformation

— J. Y (I —2bjby).
q

(el + cq) = Sq = S5 (b] + by) )
';u.-"' T m —— . A LJI]E’
- L_J |:f:| -|—|".i;l _I_H
S5
] -
240 it - 200 b AB
- '1]_-'_”
H = .IIZKq(cL—r:q}[cé_n‘ +Cq4nz) where on a plane -
q
f.l'::fl"!.l f.l':.:f.l';
+ Jy ZY u{ﬂa _cqj(‘:ll-n_j +":|:|-ny} g/, =0 ’
q
N Importantly, presence of a fermion indicates

an anti-ferromagnetic configuration of z-link



Magnetic field

* breaks parity and time-reversal symmetry
* opens a gap in phase B and turns it into non-abelian topological phase of Ising type

G
6
) ! ) _ s . . .
Hy = -k E E P{QJ[} ZP(q)[” = ojodal + oj0io] + o)o50; + oljolof + o500 + odoiof
q =1

=1

« H, commutes with the plaquette operators, so stabilizer formalism can still be used

iy



Vortex-free sector

Transformation to the momentum representation

fk = Zk It
.y . A = o + 109
. — MAF—1/2 . tkeg k oE S
cq = M Z{’..kt P
e = 2J.cos(ky) + 2J, cos(k,)
B . i PR A¥n . ap = 4k(sin(k;) — sin(k,) — sin(k; — ky))
H = Z lgkﬂktk | Q{jﬂk{;k FATekex)| — M Br = 2Jysin(ks) + 2J, sin(ky).

k

The effect of the magnetic field is contained fully in the o, term.

The Hamiltonian can be diagonalized by Bogoliubov transformation:
"}k —_— T‘['k:{:k i‘kl"_k |-U_k|2 } |?Ik:|2 — 1

resulting in the BCS Hamiltonian o v o
M Be = &+ 10k

H =3 E.(viv. —1/2) we = \/1/2(1 + &x/Ex)

e ve = i/1/2(1 — &/ Ey)

the ground state is BCS state with the vacuum given here explicitly in terms of toric code stabilizers

gshuc = ]| (UH + vkepe! h) {Qq}, {ﬂﬂ}}l'A’l 1{1,1,...,1},{0}>




Other vortex sectors on torus

To address an arbitrary vortex configuration we rewrite the general Hamiltonian

1 - B fr _&.- [
(RN o 1
P NCE Aly —€l. ]| o

qq’ 0’

To specify a particular vortex sector, the operators X, and ¥ are replaced by their eigenvalues in that

sector; for example for H, we obtain
Eqq’ 2J:0g,qg + J2: X q(0g,9'—n, + 0g—n..q')
b JyY q(0q.q—n, + 0g—n,.q')
qq’ J: X q(0g.g'—n. — 0g—n..q')
} "T-.uyq[:qu-q’—ﬂgf Og—n,.q')-

On torus, these terms include periodicity, i.e. the terms connecting the sites (0, q,) and (N, - 1, q,),
and (qy, 0) and (q, Ny, - 1), and thus the homologically nontrivial symmetries

X, a, H:j_{lh W, .q, (9 # Oand g, # N, — 1) Yoo, =1 (gy # Ny — 1)
X'-?J--f:'u 1 | [:ff_u Oand g, # N, — 1) Yff.---ff_u ;EIU} 'I"Iy N, —1)
Xo.a, ‘F-{[h'r:'] H:j?:_cl} Woea, (¢y # Oand g, = N, — 1)

X, .a. ‘F-{[:'r:'] | (¢y = Oand g, = N, — 1) ’ngw “Ttily'] Hr;.,f_{:l :j —o Wl a,

In order to include the magnetic field H; we have to add also

(w) ‘ AT 1 (1) y—1 1rr i ORT .
JYqJ._f,l.,+l IF-r,r_,--l:_l (G fj Nz 1) Xr,r:, Ay IF:;UJ H:::x 0 ['{"rjr_,...q:I [ff.r 7 Vg J-}
(z)(y) AT 1 o v v
Xapgy+1 =1l Iy (gz = Nz — 1), X, Ty ftﬁlj}“T[I:]y}['{*:r;..---f:gf (g = Nz — 1).



Role of symmetries

On a torus, the system has N/2+1 loop symmetry generators from which all other loop symmetries can
be obtained. We can specify a particular sector of the Hamiltonian by specifying the eigenvalues
of the N/2-1 plaquette symmetries and 2 homologically nontrivial symmetries.

Yia ar — _{{].r:l1 Now = —f{l} R 2 A" )
(0N, 1) 0 (Nop—1.0) 0 X3 = ]_Lm:[} Wiaq
O 3 2 o - <3 3 o
() (&)
< - L} =
Yinoad -
., E - B -
-+ o - r
=L} } L= =L}
- * -, ok
] -"l.:."\ 1.4
- ot ! o ! - L : >
i o pla) 1 A7 . _ {w) 1 Ny=145-
.X-[;“q'_‘._l 2'] - E[} quz[} 1‘1’ {:,n.'_‘._ 1 -.”'!',r,] Y{E:ﬁ.‘-y— 1} —_— _{{] HI’::- = qu’:“ 1-1 -[qJ :r_|l:”}
=} } L ) o . - i I - -
(e) () | |
- L oL L a L I -
II!' a.N 11
=L} Lk {} L=
- L} I I -
= ' i ! -
- L L {F




Fermionization on torus

The general Hamiltonian for an arbitrary vortex configuration

1 - 5 E-’ _& ] [
4 oo qq aq q
H_gz_cu Lﬂ_{&’rj —fgqf}’ﬂt

ag’ aq a’

presents the Bogoliubov-de Gennes eigenvalue problem
£ A U E 0 o v
LR T B T e —FE Vv U

The system thus reduces to free fermion Hamiltonian
M

H =3 E.(vir. —1/2)

n=—1
with quasiparticle excitations

to ] ft v v
[ Tia ey Tars Tlaeey T | = [ Clyrvens Cags Cly ey CAT | V [

and the eigenstates

[9sh o = [T (uk +veckely ) [{Qq} 19,1, {0})
k




Fermionization on torus: momentum representation

In the momentum representation

[

H Z Er (1%
ko ke,

The allowed values of momentum £, in the various homology sectors on torus are given as

k,=06,+ 2nn /N,

n,=0,1,..,N,-1

o

where the four topological sectors (in vortex free sector)

(]O(X)[O (Y)) = (;I:]) ;l:l)

correspond to lo(a) 1 1

O, = 2 N

o

The configuration

(LX) = (-1, -1)

is fully periodic, permitting the momenta (7, ) exactly.



Non-Abelian phase on torus - vanishing of one BCS state

In the fully symmetric configuration (Zo(x)lo (Y)) = (-1, -1) where momentum = appears exactly,

passing the phase transition to the non-Abelian phase leads has the following consequences:

. Aﬂ:,n =0 jk £k Ifj
AYS g + 10
* Cnn/ Epp=-l u o ia
(the sign flips from +1 at transition, J, =J, + Jy) £k 2.J, cos(ky) + 2.J, cos(k,)
g 4k (sin(k;) — sin(k,) — sin(k, — ky))
i 2 A ]
* Upp ™ 0 Ey, V €k |Ag|?
* Von T I [ Vv 1/2(1+ &/ Ex)

oe = iv/1/2(1— &/ Er)

This cause one of four BCS state on torus

[9sh o = [T (uk +veckely ) [{Qq} 19,1, {0})

k

to vanish as CrnC = (€ )P =0

-

The ground state of the system in the non-Abelian phase on a torus i1s

three-fold degenerate as expected for the Ising theory.



... and beyond



Y ao-Kivelson model

H=H+H,+H = -J Z oie® —J Z oVo® — ] Z a?
= — H-N
| TITJ) = | ﬂ!”> | lllj} = | ‘U"[]}
| T.l:l:l - | ﬂ:” | »L.Tj:' - | Uyl}

, (8)
J >>J Ho = Ln Z Qg — Lot (Ag,0q,Vq,) Oq = [174
q Vg HD p



1N 7

H,=-JY (I- E'b]? -

€. TL

Y ao-Kivelson model

B
r:r,;.j_ = f (b} +b %
Tqm ~ T-‘;

-hriu i ’IZ ”—q n, q n bq,ft)(h;,n—l—l g = qu—kl)

T;,:!-[:b +b :] Ta™.. z(brﬂ\g +bq“\ ,3) +T ( ;,2

g.1
H, = —.Izq[ar;l(b
Plaquette Of =
operators A, =

+bq 1} Tal, %{b | i+th,:a]

L T O SR | y Yy
9.3°gq.2 " "g—,1"g—,1 q.2q1.2-l|-q.‘ qu

= = =z
Tg,1,/7Tqt1,2Tg -3

ﬁ (__-l:]f;L b

b — L7
, Og o =bf +bg,

2,0 :

¥ —irz(ht —
» Ogpn = "*fq'[bq ﬁ}q),
T4n = Tq(d — 2bb,)

T bq,ﬁj q—. l(bi—>,1 T bq_.11)]

U TJ u TJ
Tq—17q—37g 1,27Tg 1,1



Y ao-Kivelson model

H, = -}Zq[{‘é 1~ Cq 1){*"-'-12 2164 2)
mq{{‘é 2 T Cq 2)((*“-.'—,'- 3+¢q.3)

Hey 1 — ¢y 1){‘3'L atcg 3)]
Hy=s Zq[{“g 3~ Cq 3)(Cqr1 + Cp,1)
—ilgq ‘q.l,'[{f-'-g- 2~ Cq __2)'['[(-'-;\,,:; — Cqn,3)
+0gq) '[‘313 2~ Cq ~2)(*’-’-.1|§—>,1 il

) ;
q n =b TLSq,n
"o — r"
Cgn = hﬁ'-.“‘sq_ﬂ

4 . - 3
{LQ-.T”-'-‘{'Q’,HL} . Jl;'r,"‘-'}-u,:rrr.

E:nl;l".m} = “ {'ﬁ'q,n? "r"'q

{ I!.";lg'._:rr, g

'r..'J'J’L} — “

Cam =M7H2Y " cp e

H

€n.‘rrr. —

ﬁrw‘rb =

1 ] ‘Eknk’m
N E Z [(:Jlr.u f"kn] [ I
knk'm
‘Ek_‘.rik’m ‘f—‘_\kﬂk"m o é-n‘rrrfjk,k
&Lknak’ é-nk-rnk’ Q"r|b'.rrrﬁk‘. -k’
[ 2 J(1-62)
J(1—62) 2.7/
| —J(1-6,) —iJ(1-026,)
0 J(1+62)
—-J(1 + ﬂ,,,‘,l 0
| JA+6,) —iJ(1 - 626,)

&kn.k"m. Ek‘.ﬂk“nn

iJ(1+ 6,603)

+
iJ(1— 0,

ﬂ_‘kuk“m ] [ (k "

(k m

ﬁ_nmak__—k;’
‘Eﬂ " a-k e’

-J(1-6})

2J'

~J(1+86,) 1
;)

0

H{“k o

k.n

- Vk, u”k n 8

L) [ {0}, {V), {a}, {0})




Y ao-Kivelson model

H = 1 [ % , ] [ {fknk’m ai\tk-aik’ral ] [ Ck'm ]
= E il Ch |. = :
f kn T A ; :
2 knk'm kenk'm fl’ﬂ?lk " Cotm

l ‘Ekzuk’ru ﬁk-a‘ak’-;n] . l ’frr.'rrr.fjk__k_’ ﬁrnufjk__—k']
r =

A 1kmk’ €nk-mkI "ﬁ‘ib:rrr.dk:.—k’ E'mna-k:k;’

T

a7t Jl-6) -J1-6) 0 J1+63) -J(1+8)
TR (%, (W 2J’ iJ(1+ 0.67) Apm = | =7(1 +6,) 0 iJ(1 - 0,07%)
J(1—8,) —iJ(1—68,) 2.J! J(1+8,) —iJ(1-626,) 0

Dispersion relations:

Abelian phase phase transition Non-abelian phase

' =1.J=04 d)J' = 1,0 =1/4/(3) () =17 =0.65



Conclusions

Closed expression for the ground state of the Kitaev honeycomb lattice
gsuc = H (m: +vkepe ;.-.) | gs)To

Combines two powerful wavefunction descriptions:
 BCS product

» stabilizer formalism

Connection with Hartree-Fock-Bogoliubov theory

Shows relations between the D(Z,) abelian phase and the Ising non-Abelian phase

Ground state degeneracy of torus and its change on the phase trasition to the non-Abelian phase

Arbitrary vortex configuration on torus (e.g. vortex interactions and energies in large systems)

Generalization to Yao-Kivelson type models
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