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Introduction

A brief recap of Michael’s talk.
Outline of the method.

General formula for genus 2 1-point Correlation Function.

The Heisenberg Case and the genus 2 Ward Identity.
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A Brief Recap

A Vertex Operator Algebra (VOA) V is a Z-graded vector space over C
V = ®p>0V, with dim V), < oo.

The genus 1 partition function for V is
Z\(/l)(T) — Try <qL(0)—C/24>

where 7 € H and g = €*™'". 1-point and n-point correlation functions for
V are defined by

Z\(/l)(U,T) =Try (o(u)qL(o)_C/24> ,

Z\(/l)(ul, 71 Upy Zn T) = Z\(/l)(Y[ul,zl] .. Y[un, za)1, 1),

respectively.
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A Brief Recap

Genus 1 Zhu Recursion Theory relates n-point functions to (n — 1)-point
functions. For a 2-point function, we have

Z\(/l)(u, x;v,y;7) =Try (o(u)o(v)qL(O)_C/z")

1 9™
D gyl y. 7)Z (ulm]v, 7).

The aim of my thesis is to develop an analogue of Zhu Theory at genus 2.
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The Approach

If we have a genus 2 surface formed from two sewn tori, the genus 2
partition function is defined by

Z\(/Z)(Tla7'2;€) :ZGH Z Z\(/l)(”’ Tl)Z\(/l)(ﬁ’ 72)

n>0  ueVn]

and the genus 2 1-point function (left insertion) is defined by

ZP (v =Y e N ZO(Yv,xlu,n)Z() (@, 72)

n>0  ueVin|

where U is dual to u w.r.t the Li-Z metric.
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The Approach

We can apply Zhu recursion to the left factor of the 1-point function,
giving terms of the form

X(m)y=Y"e" S ZP(vimlu,n)Z{ (@, 7).

n>0  wueVn]

where m > 0. If v is quasiprimary, we may move the mode v[m] from left
to right using the dagger, so

X(m) = Ze Z Z u7'1 (1)(VT[m]U,72)

n>0  ueV[n]

= (—1)"iMemt vt S e NNz, ) 2 (vizwtv] - m — 2]a, )

n>0  wueV]n]

and we can apply Zhu recursion to the right factor if 2wt[v] —-m—2 < —1.
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The Result

If we let
-2
X(my="=3"e" 3" ZP(vimlu, ) Z{)(a,72)
\/m n>0  ueVIn]
and
-3
¥(n="2Y¢ 3 ZP(wn)zP v ),
vr n>0  ueVIn]

we eventually find the 1-point recursion formula...
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The Result

Z\(/z)(v,x; T1,T2,€) =

O+ B() (1- Aoy) 200,

+ (—1)MIB(x) (11 - 7\27\1)71 00,
+P(x)Xo + P(x) (11 - 7\27\1) T Ay ArXo

~ ~ ~ \—1
+ (—1)Wt[V]P(X) (]l — A2A1> A2YO,

-~ \-—1
assuming <]1 — A2A1> exists, where...
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The Result

a =2wt[v] — 2,

n
A(m, n) =1/ %5m—n,o¢7 @(m, n) =1/ Eén—m,aa

m+n

€ 2

Jmn

(m+n-1)!

A(m,n) = (—1)m*t

m+1 om

BEO)m) = 2y L (),

m:

n>0 ueV|n|

61/2 i[v]
O1(m) = \/_m(_]-)w om,a+101,

Xo=X—-AOX, Yo=Y-A0Y,
A= AN, P(x) = P(x)A

( _ 1)|(n _ 1)! Em+n(7—)7

O1=3 (e" > Ty (o(vo(w)ar @) 2P @, @) ,

May 4, 2013
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The Heisenberg Case

Let Ng,, Ng, be a pair of Heisenberg modules. Define

~0)
n>0 UGM[n]

We have that
Ol - /6129)(7177-276)7
= ﬁzZ\(/l)(Tl,Tz,e)

and sincea =0, we have Xg=0=Ygand A=1=0.
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The Heisenberg Case

Thus we have

Z,éi)ﬁZ(a7 X;T1, T2, G)dX =

Pr|1-€?> <P(X) (1 — AzA) " A2> (m,1) 221)52(71,7276)&(

m>1

2 | 23 (PO (1= Aor) ™) (m,1) | 28, (ra, 7€)

m>1
= (Bra(x) + Bara(x)) Z85 (r1, 72, €)

for holomorphic 1-forms v, 2. This agrees with calculations by Mason
and Tuite.
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The Virasoro Case and Ward ldentity

For the conformal vector w € V[y}, we have
Ol - qlaqlz\(/2)(7—17 T2, 6)7

0 = Q23q22\(/2)(71,T2,€)

Since o = 2, we have that Xy = Yq with
X(1) = /20,23 (11, 72, €) = Y(1)

and X(m) =0 = Y(m) for m > 1.
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The Virasoro Case and Ward ldentity

This allows us to find A(x),B(x) and C(x) such that
ZD (@, x; 11,72, €) = (A(X) 010, + B(x)q20, + C(x)ede) Z2 (11,72, €)
= DXZ‘(/z)(Tl,’TQ,E).

If v € V is a primary vector, we have the Ward Identity
Z\(/z)(fu,x, V,y:T1, T2, 6)
= DXZ\(/Z)(v,y;Tl,Tg,e)
+ P?(X7 ,V)ayzf/z)(V, Y11, 72, 6)
+ 0P (x.y) wilV]Z( (v, yima, ),

for a specific P{(x, y) which depends on ao = 2wt[v]| — 2.
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