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1. A 1-dimensional magnet consists of N Spin—% particles, interacting with each
other and with a magnetic field through the following Hamiltonian,

N—2
H:—JZ aaHl—l—aJHl hZO’l,
i=0

where J and h are real constants.
We define fermionic creation and annihilation operators in terms of the spin
operators by the following Jordan-Wigner formula,

= % (1:[1 af> (of +io}) (110 ) —io?)

It is given that these satisfy the canonical anticommutation relations for fer-
mionic creation and annihilation operators.

(a) Derive that the Hamiltonian can be rewritten as,

N-2
H = —QJZ (cchl+1 — CzClT+1) + h(2Np — N)
1=0
where Np is the total number of fermions in the system [20 marks]

We have ¢, + ¢l = (H]d ]> of and hence of = (H]<l J) (¢, + ).
Similarly, we find that o} = i <H]<l ]> (¢l —¢,). We also have ¢f¢, =

t(of —io})(of +io})) = L(1—07), s0 0} = 1—2c/¢, = 1—2m;. This gives

0104 = ( + CIT)UZZ(CIH + Cl+1) =—(¢ + CD(2C;CZ - 1)(Cz+1 + Czr+1)

and
Ulyglyﬂ = _(C;r - Cl)alZ(CLl - Cl+1) = (C; - Cl)QC;rcl - 1)(02;1 - Cl+1)
Noting that
cf2cfe, — 1) = =]
(zczcz -1)= 2({%01} Czcz)cl -G =G
we find that
001 = (CIT - Cz)<cz+1 + CZT+1) = G611 — G CZT+1 + CzTcz+1 + CZTC;H
_ T T _ T T {PA
U?Uly+1 = —(gq+ Cz)(cz+1 - Cz+1) =CChy — GG T GCLy — GGy

and further using that ZNol n; = N, we see that the Hamiltonian has the

required form.
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(b) We now introduce the Fourier transformed raising and lowering operators

N-1 N-1
d = L Z . e2milk/N dT _ 1 Z CTe—lek/N
k N - l k N - 1

Show that these operators satisfy the canonical anticommutation relati-

ons for fermionic raising and lowering operators. [15 marks]
We have
N-1
{dk7 dT Z {Cl’ p2mi(lk—U'K') /N _ Z p2mil(k=K)/N _ 5k’k/
ll’ 1=0

We used firstly {c,, cl,} = &, (it was given that the ¢; satisfy the canonical
anticommutation relations) and secondly 3" " 2™ F)/N — N§, . We
can also see directly from {¢,,c, } =0 that {d,,d,,} =0

(¢) We now change the Hamiltonian of the fermionic system slightly by in-
cluding a coupling between the beginning and end of the chain (so it is
effectively a ring). To write this in a convenient way we define ¢y := co.
The new Hamiltonian is H = —2J Y, <cl C1 — € cl+1) +h(2Np—N).

Show that H = —4J > 0 ' cos(QWk/N)dek + h(2Np — N).
Find the energy of the ground state and first excited state of the system
when h > 2J > 0. [15 marks]

The term h(2Np — N) does not change under Fourier transformation. For
the rest of the Hamiltonian, we have

0 = —2J/N Z (dlidklezm'uc/Neﬂm(zH)k//N - dkdz/ef2m'lk/N€+2m'(l+1)k’/N)
Lk, k'
— _2J/NZ (e—Zwik/dek/ Z eQWil(k—k/)/N +27T7,k/d dT Z 2mil (k' — )
ke k! !
— _2JZ <€727rik/Ndek . 627Tik/Ndde)
k
N-1 N-1
= —4J ) cos(2nk/N)dld, + 2JZ 2mkIN = 47" cos(2rk/N)d}dy,
k=0 k=0

We now note that if A > 2J > 0, every fermion that is present gives a
positive contribution to the energy. Concretely, a fermion with wave number
k contributes energy 2h — 4.J cos(2rk/N) > 2h — 4J > 0. Therefore, in
the ground state, there are no fermions (Np = ny = 0 for all k) and we
find Ey = —hN. In the first excited state there will be one fermion. The
minimal energy cost is achieved when this fermion has k = 0. We then have
Ey = —hN + 2(h — 2J). The system becomes gapless at h = 2.J

EXAM SOLUTIONS MP473



EXAM SOLUTIONS MP473

2. A system of spinless (or spin polarized) fermions of mass m in one space
dimension has the following Hamiltonian

h2k?
H = Z ckck—l— Z )\an”chqck/ o CrrCr

k,k',q,n

The fermions are confined to a line segement of length L with periodic boun-
dary conditions. Hence the wave numbers k, k" and ¢ which appear are all
integer multiples of 2% The sum over n runs over all nonnegative integers and
the A, are coupling constants.

(a) In this part, we set the coupling constants \,, equal to zero for all n.
Let {ki,...,kn} be a set of N wave numbers.
Show that the state Hf\il CL, |0) is an eigenstate of H and find its energy.
[15 marks]

All we need is to find the action of n; = chk on the given state, for all
k. If k& {ki,...,kn} then ck anticommutes with ck for all © and we find
che, TIY, c,UO} = (=) T 1% ¢.|0) = 0, since ¢,]|0) = 0 for all k. If
k = k; for some j, then we have

N j-1 N N
e TT40 = (T4 ) et ( 1 )= TTdio
i=1 i=1 i=j+1 i1
The last equality follows from c,t Ch, ck ({ck V= ck )er, T = cL],,

which itself follows from (ch) =0 and {ckj,c } = 1. Thus all these states

are eigenstates of the c,t;c,g which means they are also eigenstates of H and

21.2
we read off that the eigenvalue of the given state is ), Zi

(b) We now consider the case with A, # 0 for all n > 0. We treat the
new nonzero terms in the Hamiltonian as a perturbation. Show that the
correction to the energy of the states considered in part (a) in first order
perturbation theory is given by

Z i Ao(K — k) [20 marks]

k,klé{kl,...,k]\]} n=1

The correction to the energy is simply the expectation value of the interaction

terms in H in the unperturbed eigenstates [, cL|0> The expectation

value of a term qQ”cLJrch ,CwCx €an be nonzero only if all of &, kK k+q

and k£ — ¢ are elements of {ki,...,ky} since otherwise either ¢; or cp
commute to the right through [~ CL to act on |0) (which gives 0) or chq
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or c,t,_q similarly commute to the left to act on (0| (again giving 0). In

fact, we must have {k + ¢, k" — q} = {k,k’'} to get a nonzero expectation
value, i.e. the interaction must annihilate and create particles at the same
momenta, or the initial and final state will have different occupation numbers
and they will have overlap zero. This can also be shown by direct use of the
anticommutation relations, very similarly to the computation in part (a). As
a result we must have either K = k+ ¢ and ¥’ = k' — g and hence ¢ = 0 (this
possibility gives zero whenever n > 0 due to the factor ¢**), or k' = k + ¢
and k = k' — g and hence ¢ = k' — k. The sum over ¢ is then reduced to
only two terms. The sums over k and k' are reduced to sums over the set
{k1,...,kn}. We have

AE = ) (Aow@c%ck/cklw + > (K — k)2"<¢|c;,c;ck,ck|¢>>

kK n=0
=y (AO(@DIﬁkﬁk/W Z/\ k)* W”knk’w))
k£k!

o0

kek'€{k1,....ky} n=1

as claimed. Notice that in the last step, we used that the occupation numbers
ng, ng equal 1 in the state ¢ for k, k' € {ki,..., kn}, k # k. Also the \g
terms cancel and after that we can drop the requirement that k& # k' since
all remaining terms equal zero when k = k'

We now consider a system which has A; = V/L for some constant V' > 0
and A\, =0 for n > 1.

Calculate the expectation value of the energy per particle in the ground
state of the non-interacting system, at large N. Express the result in

terms of the mass m, the constant V' and the particle density n = %

[15 marks]
The ground states of the non- mteractmg system are superpositions of the
states H N/2+1 C;wlh/L and HlN 2N1/2 c; L when N is even, while if N

is odd there is a unique ground state, §N (1)/21)/2 c;rlh/L Either way, the

kinetic energy per particle is, to good approximation, given by

Ekm o /L h2k2 LR 2 (WN)3 R,
sz L) " 6m

—xN/L 2m ~ 47mmN 3 6m
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The potential energy is given by the formula in part (b), which reduces to

AFE

N

(N/2)(2r/L) N Na
At , sV L? L L L )
-5 > (k' — k) N—mﬁfmdk R =)
Ek'=—(N/2)(27/L) L L
N
VL 2 Nm Nm
_ dk  _k 3 _ " k 3
VL [ Nr N7 =
- - k 4 (T l{? 4
A8m2 N {< A S L xx
VL (2N7\' 2 (N : 2V s
242N\ L ) 3 L) 3
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