OPEN QUANTUM SYSTEMS



Open quantum systems

No physical system is closed or isolated. It interacts with its environment formed by
other particles and physical fields.

We can consider that the system S and its environment E form a closed universe
that evolves under unitary dynamics generated by some Hamiltonian

H=Hq+ Hg+ Hgg

where Hyg is the Hamiltonian of the system only, Hg represents the environment and
Hg g is the interaction between the system and the environment.

The system only evolves as an open quantum system under a reduced dynamics
that is NOT unitary. The effect of the environment appears as noise onto the system’s
intrinsic dynamics. Quantum states of the system and the environment interact and
become entangled. They loose their purity and become mixed.



H=H,+Hg+Hg




Ensemble of quantum pure states

Suppose a quantum system is in one of a number of pure states |i;) with a probability
pi- We call the set an ensemble of pure states.

The state of the ensemble is described by the density operator

p = Z pi Wil




Density operator

The postulates of quantum mechanics can be reformulated using the concept of
density operator:

Examples:
Quantum evolution of an initial state pg and action of other quantum operators

W) = W) = UHDO) = Unl(0))
po= D, PilliOXWO = p)=UpoU" = )" p; Ur Wi 0))}w(0) U]



Measurement
- when the measurement described by the operator M, is performed on the pure
state |;), the result m is obtained with the probability

pmli) = WilMp Mol = Witk IkIMy, M) = kM, M) (il
k k

= tr (M, Ml
- the probability of the result m to be measured on the ensemble described by p =

2i Di Wiyl is then
plm) =" pitr (MyMulyidXwil) = > pitr (My,My p;) = tr (M, My p)
i i
- and the state immediately after the measurement is

M p Mzz
tr (M), M p)

Pm =



Density operator

An operator p = >; p; W)Yl is the density operator associated to some ensemble
{p;, W)} iff it satisfies the conditions:

1. Trace condition

tro=1

2. Positivity

p is a positive operator



Proof:

trp = Z pi i)yl = Z pi=1

2. Suppose |¢) is an arbitrary vector in a state space

Blolg) = > pi (plwiduile) = > pi Kelwd> =0

Conversely, suppose p is any operator satisfying both conditions above. Since p is
positive, it must have a spectral decomposition p = 3. ; 4; [/){jl where the vectors | )
are orthogonal, and 4; are nonnegative eigenvalues of p. From the trace condition
we have ) ;4; = 1. Therefore a system in a state |j) with the probability 4; will have
the density operator p.



Is a quantum state mixed or pure?

Purity — trp®

pure states:  trp? = tr (W)Wl = tr ([P)w) = 1

mixed states: trp? < 1

Von Neumann entropy S = —tr(plogp)

pure states: S =0
mixed states: S >0



Bloch representation of mixed states
An arbitrary single qubit density matrix

p:(Poo £01 )
P10 P11

can be written as
1
=—(1+7.¢
P 2( F.o)

where & = (ox, 0y, 07;) is the vector of Pauli matrices, and 7 = (ry, ry, ;) is the Bloch
vector of the components

ry = 2Repjg

ry = 21Imp

rz = P00 — P11

whose length for mixed states is ||| = \/r)% +ry+r7<l.




Example:
1.

|¢1><¢1I + = |¢2><¢2I
where |¢1) = \/_(|O> +i|1)) and |¢y) = \/_(|O> — i |1)). In the matrix representation,

we get
_gl i i \_ (1 =5\ _ I T+r re—in
42 - 1 2 % 1 2\ rx+iry 1-1; /L\
where O % ) The length of the Bloch vector is ||7] = 2. <_4:>) Y
o
2. Maximally mixed state: !
= 1|0><0| + 1|1><1| !
P=3 2 al
the Bloch vector is null: 7 = (0,0, 0). /,__j\



Reduced density operator

Suppose we have a physical system A and B whose state is described by the density
matrix pA8. The reduced density operator for system A is

AB
pA=1wUpp

where tr g is an operator map known as partial trace over system B. It is defined as

pa = tr g (lap)Xas| ® |b1){ba]) = |ay)az| tr (|b1){bs))

where |a1) and |ay) are any two vectors in A, and |by) and |b,) are any two vectors in
B. tr (|b1){b»]) is the usual trace, so, using the completeness relation, we get

tr (Ib1)(bal) = D (kb1 )(balk) = > (bolk)(klby) = (b (Z |k><k|) b1) = (balby)
k k k



Reduced density operator for independent subsystems

A state of the composite system A B consisting of independent subsystems is a prod-
uct state described by the density operator

pAB=p®0'

The reduced density operators for the composite system in a product state is calcu-
lated as

pa = trppf=trglp®c)=ptro)=p
pp = P =trppe0)=(wpo=0



Reduced density matrix of entangled subsystems
= L
Example: ¢ = \5(|OO> +[11)

p = %(IOO)(OOI + [00)(11| + |[11)<00] + |11){11}])

The partial trace over the second qubit is
pi = tra|3(100)00] + I00X(11] + [11)400] + [11)(11)
= 2 (0)X0K0I0) + OXIKIIO) + [1)XOOIT) + IXIKII)
= 24001 +111)



Does the density operator

I

1
p1 =5 (001 +1){1]) = 5

described a mixed state?

2
troX=trl—|=2 <1

The state of the joint system of two qubits p above is a pure state, however the state
of each qubit individually is mixed.



Reduced density matrix and the Schmidt decomposition

Suppose |¢) is a pure state of a bipartite composite system AB. The Schmidt de-
composition is given as

W) = > Ailialip)

where |ig) and |ig) form orthonormal sets and the Schmidt coefficients A; are real
and satisfy 3; 12 = 1.

The density matrix of the system is

p=lwl = ) 47 liaXial ®lip)isl



p=lnwl = ) A7 liaXial®lipXis

The reduced density matrices are
ph = ) AT liaXial

l
pP = > 47 lip)isl
[

Note that the eigenvalues of p4 and p? are identical and are equal to /ll.z.



