














Decision problems

An input x 2 ⌃⇤0 is accepted by an (acceptor) deterministic TM, if the machine termi-
nates in the state �T on input x and is rejected if it halts in state �F.

Any set of string L ✓ ⌃⇤0 is called a language. If M is an acceptor deterministic TM,
then we define the language accepted by M to be

L(M) =
n

x 2 ⌃⇤0 | M accepts x
o

If M halts on all inputs x 2 ⌃⇤0 then we say that M decides L.

For a general decision problem ⇧ we have the associated language

L⇧ =
n

x 2 ⌃⇤0 | x is a natural encoding of a true instance of ⇧
o

.



Example

PRIME
Input: an integer n � 2.
Question: is n prime?

LPRIME = {x | x is the binary encoding of a prime number.}



Complexity

A TM works in time T (n) if it performs at most T (n) steps for any input of size n.

A function/predicate F on B⇤, that is on binary strings, is computable/decidable in

polynomial time if there exists a TM that computes it in time T (n) = poly(n), where n
is the input length.

A class of all functions (predicates) computable (decidable) in polynomial time
is called P.

We say that these functions are efficiently solvable or tractable on deterministic Tur-
ing machine.

P = {L ✓ ⌃⇤0 | there is a deterministic TM M which decides L and a polynomial p(n)
such that T (n)  p(n) for all n � 1}









Alternative definition of the complexity class NP (Kitaev)

Imagine two persons: King Arthur (with polynomially bounded mental capabilities)
and a wizard Merlin (intellectually omnipotent). Arthur is interested in L(x). Merlin
wants to convince Arthur that L(x) is true, but Arthur does not trust Merlin (he is too
smart to be loyal) and wants to make sure that L(x) is true.

So Arthur arranges that, after both he and Merlin see input string x, Merlin writes a
note to Arthur where he proves that L(x) is true. Then Arthur verifies this proof by
some polynomial proof-checking predicate (procedure)

R(x, y) = ”y is a proof of L(x)”

where L(x) = 1 implies that Merlin can convince Arthur that L(x) is true by presenting
some proof y such that R(x, y); and L(x) = 0 implies that whatever Merlin says, Arthur
is not convinced: R(x, y) is false for any y.
































