
MP467: Cosmology

Degeneracy Pressure

Relevant for very high densities of parti
les with intrinsi
 spin of

1
2~. Su
h

parti
les obey the Pauli ex
lusion prin
iple and are 
alled Fermions. If we try to

put a lot of Fermions (e.g. ele
trons or neutrons) into a small box, the ex
lusion

prin
iple generates a pressure whi
h resists the addition of more parti
les. This

is 
alled the degenera
y pressure be
ause, as we shall see, it depends on the

fa
t that quantum me
hani
al energy levels have �nite degenera
y. It is partly

responsible (together with ele
trostati
 repulsion) for the for
e on the soles of

your feet that stops you falling through the �oor

Consider N parti
les 
on�ned in a 
ubi
al volume V = a3
. Quantum states

are superpositions of standing waves, with wave-length λ. De�ne the wave-

number, k, to be k = 2π
λ . Quantum me
hani
s only allows dis
rete wave-ve
tors

~k = (mx, my, mz)
2π
a , where mx, my and mz are integers, be
ause a whole num-

ber of wavelengths must �t in the box of width a.
The number of quantum states in a volume d3k = dkxdkydkz of wave-ve
tor

spa
e is dmxdmydmz =
(

a
2π

)3
d3k at least for large integers mx, my, mz.

Now the number of quantum states in a spheri
al shell of thi
kness dk and

radius k in k-spa
e is

( a

2π

)3

4πk2dk =
V

(2π)3
4πk2dk

In quantum me
hani
s the de Broglie relation is p = h
λ = ~k, so the number of

quantum states for parti
les with momentum in the range p → p + dp is

V

(2π)3
4π

(p

~

)2

d
(p

~

)

=
4πV

h3
p2dp =: g(p)dp

g(p) is 
alled degenera
y fa
tor. Be
ause of ele
tron (or neutron) spin, there


an be two states with the same p, spin up and spin down ⇒ for ele
trons and

neutrons

g(p) =
8πV

h3
p2. (1)

Possible values of a parti
le's energy, ǫ(p) are also dis
rete (when 
on�ned

to a box).

Let the lowest possible energy be ǫ0. If N ele
trons go into the box, all

possible energy levels will be �lled sequentially up to some top energy ǫF =
ǫ(pF ). ǫF (the Fermi-energy) and pF (the Fermi-momentum) depend on N and

are given, when N is large, by approximating the sum over energy levels, or

equivalently momenta, by an integral

N =

∫ pF

0

g(p)dp =
8πV

h3

∫ pF

0

p2dp =
8πV

3h3
p3

F ⇒

pF = h

(

3

8π

N

V

)1/3

= h

(

3n

8π

)1/3

(2)

where n := N/V is the number of parti
les per unit volume.
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We want to 
al
ulate P (ρ, T ), but the 
al
ulation is simpli�ed when T is

"small" (by whi
h is meant kBT ≪ energy level di�eren
es, ∆ǫ), in whi
h 
ase

the Fermi gas is said to be degenerate. The internal energy is then

E =

∫ pF

0

ǫ(p)g(p)dp =
8π

h3
V

∫ pF

0

ǫ(p)p2dp (3)

with ǫ(p) =
p2

F

2m for non-relativisti
 momenta and ǫ(p) =
√

m2c4 + p2c2
for

relativisti
 momenta (the relativisti
 form is used below as the non-relativisti


form 
an then follows by taking c → ∞).

The �rst Law of Thermodynami
s, for an adiabati
 pro
ess, is

1

dE = −PdV + TdS + µdN.

For T ≈ 0 this redu
es to dE = −PdV + µdN so, using (3) and noting that

(

∂g(p)
∂V

)

N
= g(p)

V from (1),

P = −
(

∂E

∂V

)

N

= −
E

V
−

8πV

h3
ǫ(pF )p2

F

(

∂pF

∂V

)

N

µ =

(

∂E

∂N

)

V

=
8πV

h3
ǫ(pF )p2

F

(

∂pF

∂N

)

V

.

Now from (2)

(

∂pF

∂V

)

N

= −
(

1

3V

)

pF ,

(

∂pF

∂N

)

V

=

(

1

3N

)

pF

hen
e

P = −
E

V
+

8πV

h3
ǫ(pF )p2

F

pF

3V
= −

E

V
+ nǫ(pF )

µ =
8πV

h3
ǫ(pF )p2

F

pF

3N
=

8πV

3h3n
ǫ(pF )p3

F = ǫ(pF ).

⇒ P =
ǫF N − E

V
, µ = ǫF . (4)

Now

P = ǫF n −
E

V
=

= mc2

√

1 +
p2

F

m2c2

8π

3

(pF

h

)3

−
8πmc2

h3

∫ pF

0

√

1 +
p2

m2c2
p2dp

=
8πmc2

h3
(mc)3

{

1

3

√

1 + z2
F z3

F −
∫ zF

0

√

1 + z2z2dz

}

(z =
p

mc
, dp = mcdz)

=
8πm4c5

h3

∫ zF

0

z4

3
√

1 + z2
dz (z = sinhα,

√

1 + z2 = cosh α, dz = coshαdα)

=
πm4c5

h3

{

zF

(

2

3
z2

F − 1

)

√

1 + z2
F + ln

(

zF +
√

1 + z2
F

)}

−→

{

8π
15

m4c5

h3 z5
F , zF ≪ 1, pF ≪ mc (non-relativisti
)

2πm4c5

3h3 z4
F , zF ≫ 1, pF ≫ mc (relativisti
)

1

µ is the 
hemi
al potential, i.e. the energy required to add one extra parti
le � we shall

prove momentarily that µ = ǫF .
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P =

{

(

3
8π

)2/3 h2

5mn5/3
non-relativisti


(

3
8π

)1/3 ch
4 n4/3

relativisti
.

(5)

It has been assumed that the temperature is negligible, these expressions are

valid, provided kBT ≪ ǫF . This is the equation of state for a "`
old"' degenerate

gas of ele
trons or neutrons but note that, when n is large, ǫF 
an be so large

that T is negligible even for temperatures of many thousands of degrees.
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Energy

Dis
rete energy levels, �lled a

ording to the ex
lusion prin
iple.
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