
MP465 – Advanced Electromagnetism

Problem Set 5

Due by 5pm on Friday, 8 May 2020

1. A centre-fed linear antenna consists of two conducting wires, each of
length L, arranged horizontally such that an alternating current is fed
into the (insulated) gap between them. If we take the antenna to be
along the y-axis, then the current density is given by

~J(t, x, y, z) =

{
I0

(
1− |y|

L

)
δ(x)δ(z)êy sinωt for − L ≤ y ≤ L,

~0 otherwise,

where I0 is a real constant.

(a) Find the complex electric dipole amplitude associated with this
current, namely, the vector ~̃p0 such that ~p(t) =Re[~̃p0e

−ı̇ωt].

(b) Find the time-averaged power distribution dP̄ /dΩ as a function
of the spherical angles θ and φ, and use it to compute the total
time-averaged radiated power P̄ .

2. If we do not assume that the time-dependence of our sources is periodic,
then the far-zone approximation for the magnetic field is

~B(t, ~r) ≈ µ0

4πc

~̈p(t− r/c)× êr
r

,

where

~p(t) =

∫
ρ(t, ~r)~r d3~r.

is the time-dependent electric dipole moment of the sources. (The

electric field is still given by ~E ≈ c ~B × êr.)

(a) Without assuming anything about the way the charge density de-
pends on time, show from the continuity equation that the deriva-
tive of ~p(t) is

~̇p(t) =

∫
~J(t, ~r) d3~r.
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(b) A point charge q undergoes a constant acceleration ~a = aêz. Find
the total power radiated by this charge.

3. We know from lecture that when we have an inertial frame S ′ moving
at a constant velocity ~v relative to an inertial frame S, then the electric
and magnetic fields measured in S ′ are related to the ones in S by

E ′‖ = E‖, ~E ′⊥ = γ(v)
(
~E⊥ + ~v × ~B

)
,

B ′‖ = B‖, ~B ′⊥ = γ(v)

(
~B⊥ −

~v

c2
× ~E

)
,

where ‖ and ⊥ denote, respectively, the components parallel and per-
pendicular to ~v.

In a particular frame S, we have an electromagnetic field given by

~E = E0êy, ~B =

√
2E0

c
(êx − êy) ,

where E0 is a constant. Consider the frame S ′ in which the electric
and magnetic fields are antiparallel to each other; if vx = 0, find vy and

vz. (Hint: if ~E ′ and ~B′ are antiparallel, this means that there is some

positive constant λ such that ~B′ = −λ~E ′/c.)

4. The field strength and dual field strength of an electromagnetic field
described by the 4-potential Aµ = (Φ/c, ~A) are, respectively,

Fµν = ∂µAν − ∂νAµ, ?F µν =
1

2
εµνλρFλρ.

Show that

?F µνFµν = −4

c
~E · ~B,

and explain why this implies that ~E · ~B is Lorentz-invariant.
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VECTOR CALCULUS FORMULAE

1. Cartesian coordinates (x, y, z) with constant unit direction vectors êx,
êy, êz

• position vector: ~r = xêx + yêy + zêz

• line element: d~r = dx êx + dy êy + dz êz
surface element: d~σ = dy dz êx + dx dz êy + dx dy êz
volume element: d3~r = dx dy dz

• gradient of a function f(x, y, z):

~∇f =
∂f

∂x
êx +

∂f

∂y
êy +

∂f

∂z
êz

• divergence of a vector ~A(x, y, z) = Ax(x, y, z)êx + Ay(x, y, z)êy +
Az(x, y, z)êz:

~∇ · ~A =
∂Ax
∂x

+
∂Ay
∂y

+
∂Az
∂z

• curl of a vector ~A(x, y, z) = Ax(x, y, z)êx+Ay(x, y, z)êy+Az(x, y, z)êz:

~∇× ~A =

(
∂Az
∂y
− ∂Ay

∂z

)
êx +

(
∂Ax
∂z
− ∂Az

∂x

)
êy +

(
∂Ay
∂x
− ∂Ax

∂y

)
êz

• Laplacian of a function f(x, y, z):

∇2f =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2

2. Cylindrical coordinates (r, φ, z) with unit direction vectors êr, êφ, êz

• relation to Cartesian coordinates: x = r cosφ, y = r sinφ, z un-
changed

• relation to Cartesian unit vectors:

êr = cosφ êx + sinφ êy
êφ = − sinφ êx + cosφ êy

}
↔

{
êx = cosφ êr − sinφ êφ
êy = sinφ êr + cosφ êφ

with êz the same for both systems.
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• position vector: ~r = rêr + zêz

• line element: d~r = dr êr + rdφ êφ + dz êz
surface element: d~σ = rdφ dz êr + dr dz êφ + rdr dφ êz
volume element: d3~r = rdr dφ dz

• gradient of a function f(r, φ, z):

~∇f =
∂f

∂r
êr +

1

r

∂f

∂φ
êφ +

∂f

∂z
êz

• divergence of a vector ~A(r, φ, z) = Ar(r, φ, z)êr + Aφ(r, φ, z)êφ +
Az(r, φ, z)êz:

~∇ · ~A =
1

r

∂

∂r
(rAr) +

1

r

∂Aφ
∂φ

+
∂Az
∂z

• curl of a vector ~A(r, φ, z) = Ar(r, φ, z)êr+Aφ(r, φ, z)êφ+Az(r, φ, z)êz:

~∇× ~A =

(
1

r

∂Az
∂φ
− ∂Aφ

∂z

)
êr +

(
∂Ar
∂z
− ∂Az

∂r

)
êφ +

1

r

(
∂

∂r
(rAφ)− ∂Ar

∂φ

)
êz

• Laplacian of a function f(r, φ, z):

∇2f =
1

r

∂

∂r

(
r
∂f

∂r

)
+

1

r2
∂2f

∂φ2
+
∂2f

∂z2
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3. Spherical coordinates (r, θ, φ) with unit direction vectors êr, êθ, êφ

• relation to Cartesian coordinates: x = r sin θ cosφ, y = r sin θ sinφ,
z = r cos θ

• relation to Cartesian unit vectors:

êr = sin θ cosφ êx + sin θ sinφ êy + cos θ êz
êθ = cos θ cosφ êx + cos θ sinφ êy − sin θ êz

êφ = − sinφ êx + cosφ êy


↔


êx = sin θ cosφ êr + cos θ cosφ êθ − sinφ êφ
êy = sin θ sinφ êr + cos θ sinφ êθ + cosφ êφ

êz = cos θ êr − sin θ êθ

• position vector: ~r = rêr

• line element: d~r = dr êr + rdθ êθ + r sin θdφ êφ
surface element: d~σ = r2 sin θdθ dφ êr + r sin θdr dφ êθ + rdr dθ êφ
volume element: d3~r = r2 sin θdr dθ dφ

• gradient of a function f(r, θ, φ):

~∇f =
∂f

∂r
êr +

1

r

∂f

∂θ
êθ +

1

r sin θ

∂f

∂φ
êφ

• divergence of a vector ~A(r, θ, φ) = Ar(r, θ, φ)êr + Aθ(r, θ, φ)êθ +
Aφ(r, θ, φ)êφ:

~∇ · ~A =
1

r2
∂

∂r

(
r2Ar

)
+

1

r sin θ

∂

∂θ
(sin θAθ) +

1

r sin θ

∂Aφ
∂φ

• curl of a vector ~A(r, θ, φ) = Ar(r, θ, φ)êr+Aθ(r, θ, φ)êθ+Aφ(r, θ, φ)êφ:

~∇× ~A =
1

r sin θ

(
∂

∂θ
(sin θAφ)− ∂Aθ

∂φ

)
êr +

(
1

r sin θ

∂Ar
∂φ
− 1

r

∂

∂r
(rAφ)

)
êθ

+
1

r

(
∂

∂r
(rAθ)−

∂Ar
∂θ

)
êφ

• Laplacian of a function f(r, θ, φ):

∇2f =
1

r2
∂

∂r

(
r2
∂f

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin2 θ

∂2f

∂φ2
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