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1. An electrostatic system has the following charge density:
p(P) = @0® (F=7) + 6% (F = %) + g6@ (7 — %)
where ¢; and 7; for : = 1,2, 3 are constants.

(a) Describe in words and/or pictures the particular charge configuration that gives this den-
sity.
[5 marks]

(b) Find the electric monopole and dipole moments if

@ =q =0, qg=-3Q,
Fl:a(ém‘i‘éy_éz),FQZCL(éx_éy+éz>7F3:07

where () and a are constants, and thus determine the first two terms in the multipole

expansion of the scalar potential (expressed as a function of z, y and z).
[10 marks]

(c¢) Repeat (b) for the following:

[10 marks]

2. A piece of wire is bent into a square of side length a, and a constant current of magnitude I is
run through it. Let n be the unit normal vector to the plane the square is in such that when
looking in the same direction as n, the current flows conterclockwise.

(a) Find the magnetic dipole moment of the square expressed in terms of 7.
[10 marks]

(b) Find the magnetic field at the centre of the square, again expressed in terms of 7.
[15 marks]

Page 2 of 6



3. Consider a time-dependent charge/current distribution localised near the origin. In the far-zone
approximation, the magnetic and electric fields are given by

2 - =
= HowW™ 1" X Do _i(t—r/c)
B(t ~ R _—
(t.7) e{ ire 12 € ’
- B(t X 7
E(t,7) ~ o) X T (t,7) 7"7

r

where §(t) = Re(pye ") is the time-dependent electric dipole moment of the distribution.

Suppose our distribution is such that the electric dipole has constant magnitude py and spins
in the xz-plane with a constant angular speed w, namely,

p(t) = po(sinwté, + coswté,).

—Lwt) )
[5 marks]

(a) Find the complex vector py such that this can be written as p(t) = Re(pye

(b) Show that the time-averaged power distribution of the electromagnetic radiation is, in
spherical coordinates,

dp M0W4p(2J 20 2
10 = o (1 + sin” # sin gzﬁ) :
[10 marks]
(c) Find the total time-averaged power P radiated away by this dipole.
[10 marks]

4. The field strength and dual field strength of an electromagnetic field derived from the 4-potential

-,

AP = (®/c, A)T are, respectively,
1
F, =0,A,—0,A,  xF" = 56!“/)"017)\[,.

For a plane wave, we know that if k is the wave vector in the direction of propagation, then
(E, B, k) form a right-handed triad with B = k x F/w and w = |k|c. Show that all of these
properties may be inferred from the following two identities:

Fo k=0, *F™k, =0,

where k# is the 4-vector (w/c, k)T
[25 marks]
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MAXWELL’S EQUATIONS

e For electric field E, displacement field ﬁ, magnetic field B , magnetic intensity H , free charge
density p and free current density J:

I -~ - - 0D
D= H=J+==
\Y% 0, V x J+at,
V.B-0 vxpB-_98
ot

8p — -

Liv.T =0

8t+v

e Energy density and Poynting vector:

—

1 /e o o o L
u=§QmE+HJﬁ, S—ExH.

VECTOR CALCULUS FORMULAE

1. Cartesian coordinates (x,y, z) with constant unit direction vectors é,, é,, €,

e position vector: 7= xé, + yé, + zé,

e line element: dr =dzé, +dye, +dze,
surface element: dé = dydzé, +drdzé, +drdye,
volume element: d*7 = dx dydz

e gradient of a scalar field f(x,y, 2):

-, of  of. | 0f.
Vf = e;,;—l—ayey—l—azez

e divergence of a vector field A(z,y,z) = Au(z,y, 2)éx + Ay(x,y, 2)é, + A.(z,y, 2)é.:

<
SN}
|

+

e curl of a vector field A(z,y, 2) = Ay (z,y, 2)é, + Ay (2,4, 2)é, + A.(z,y, 2)é.:

e 0A, 0A 0A, 0A 04, 0A
A = E_ 7Y 5 r Tz A -y x ~
VX (8y 8z)€x+<82 8x)€y+(8x 8y)ez

e Laplacian of a scalar field f(x,y, 2):

o?f  0*f O0°f
2 _
Vif= 8I2+3y2+322

Page 4 of 6



. Cylindrical coordinates (r, ¢, z) with unit direction vectors é,, é,, €,

e relation to Cartesian coordinates: x = rcos ¢, y = rsin ¢, z unchanged
e relation to Cartesian unit vectors:
€r = COSP €y +singé, } o { €y = COSQP e, —singéy
€y = —sing e, + cospé, €y =singeé, + cospéy
with €, the same for both systems.
e position vector: 7= ré, + zé,

e line element: dr=dreé, + rdgéy +dzé,
surface element: dé = rd¢ dzé, +drdzé, + rdrdee,
volume element: d37 = rdr d¢dz

e gradient of a scalar field f(r, ¢, 2):

of, 1of.  Of,

Vf = Eer—i—ra(beqs—i—aez

e divergence of a vector field A(r, ¢, z) = A.(r, ¢, 2)é, + Ay(r, ¢, 2)éy + AL(r, d, 2)é.:

= o 10 104, 0A,
VoA = r@r(TA) 8¢+

e curl of a vector field g(r, ¢, 2) = A(r, 9, 2)é, + Ap(r, ¢, 2)ép + AL (1, ¢, 2)éE,

R > 10A, 04, . 0A, O0A,\ . 1/0 0A,\ .
VxA = (r8¢_82>6r+<82 8r>e¢+r(8r(rA¢)_8¢>ez

e Laplacian of a scalar field f(r, ¢, 2):

., 1o [ of 19%f  O%f
Vf—;a(a)WaTw—
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3. Spherical coordinates (r, 6, ¢) with unit direction vectors é,., ég, €,

relation to Cartesian coordinates: © = rsinf cos ¢, y = rsinfsin ¢, z = r cos 6
relation to Cartesian unit vectors:
ér =sinfcosgé, +sinbsinge, +coste,
€9 = cosflcospé, +costsinge, —sinfeé,
€y = —sin ¢ e, + cos ¢ €,
€, = sintlcos ¢ €, + costl cos @ ey — sin @ €4
> €y = sinfsin ¢ e, 4+ cossin ¢ €y 4 cos P 4
€, =cosfé, —sinbéy
position vector: 7= ré,

line element: d7= dré, 4+ rdf éy + rsinfdeg éy
surface element: do = r?sin6df d¢ é, + rsin0dr deg ég + rdr df é,
volume element: d*7 = r?sin 6dr df d¢

gradient of a scalar field f(r, 8, ¢):

=. Of.  10f. 1 of.
vi= 67“6T+7“8969+rsin98¢6¢

divergence of a vector field ff(r, 0,0) = A.(r,0,0)é, + Ag(r,0,¢)ég + Ap(r, 0, P)éy:
A) +

curl of a vector field A(r,0,¢) = A, (1,0, ¢)é, + Ag(r,0,d)éq + Ay(r,0,0)ey:

S o 1 o, . 0Ay 1 04, 10 .
A = —(sinfA,) — — ) é ———(rA
VX rsin 6 (8«9(Sm 2 0o > ot (7" sinf d¢p  ror (r ¢)> 0

1 /0 0A,\ .
+; <E(TA9) - 20 ) €o

Laplacian of a scalar field f(r,0,¢):

2op _ 10 (,0f L 9 (n?f, 1 &F
Vil = 2or \' or +r281n986’ s1n860 +r28in298¢2

.. 10,

10 1 0A,

rsin&%(sm 649) + rsinQé)_gzﬁ
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