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1. An electrostatic system has the following charge density:

ρ (~r) = q1δ
(3) (~r − ~r1) + q2δ

(3) (~r − ~r2) + q3δ
(3) (~r − ~r3)

where qi and ~ri for i = 1, 2, 3 are constants.

(a) Describe in words and/or pictures the particular charge configuration that gives this den-
sity.

[5 marks]

(b) Find the electric monopole and dipole moments if

q1 = q2 = Q, q3 = −3Q,

~r1 = a (êx + êy − êz) , ~r2 = a (êx − êy + êz) , ~r3 = ~0,

where Q and a are constants, and thus determine the first two terms in the multipole
expansion of the scalar potential (expressed as a function of x, y and z).

[10 marks]

(c) Repeat (b) for the following:

q1 = Q, q2 = −Q, q3 = Q,

~r1 =
a√
3
êz, ~r2 =

a

2

(
1√
2
êx +

1√
2
êy −

1√
3
êz

)
, ~r3 = −a

2

(
1√
2
êx +

1√
2
êy +

1√
3
êz

)
.

[10 marks]

2. A piece of wire is bent into a square of side length a, and a constant current of magnitude I is
run through it. Let n̂ be the unit normal vector to the plane the square is in such that when
looking in the same direction as n̂, the current flows conterclockwise.

(a) Find the magnetic dipole moment of the square expressed in terms of n̂.
[10 marks]

(b) Find the magnetic field at the centre of the square, again expressed in terms of n̂.
[15 marks]
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3. Consider a time-dependent charge/current distribution localised near the origin. In the far-zone
approximation, the magnetic and electric fields are given by

~B(t, ~r) ≈ Re

{
µ0ω

2

4πc

~r × ~̃p0
r2

e−ι̇ω(t−r/c)

}
,

~E(t, ~r) ≈ c ~B(t, ~r)× ~r
r

,

where ~p(t) = Re(~̃p0e
−ι̇ωt) is the time-dependent electric dipole moment of the distribution.

Suppose our distribution is such that the electric dipole has constant magnitude p0 and spins
in the xz-plane with a constant angular speed ω, namely,

~p(t) = p0 (sinωt êx + cosωt êz) .

(a) Find the complex vector ~̃p0 such that this can be written as ~p(t) = Re(~̃p0e
−ι̇ωt).

[5 marks]

(b) Show that the time-averaged power distribution of the electromagnetic radiation is, in
spherical coordinates,

dP̄

dΩ
=

µ0ω
4p20

32π2c

(
1 + sin2 θ sin2 φ

)
.

[10 marks]

(c) Find the total time-averaged power P̄ radiated away by this dipole.
[10 marks]

4. The field strength and dual field strength of an electromagnetic field derived from the 4-potential
Aµ = (Φ/c, ~A)T are, respectively,

Fµν = ∂µAν − ∂νAµ, ?F µν =
1

2
εµνλρFλρ.

For a plane wave, we know that if ~k is the wave vector in the direction of propagation, then
( ~E, ~B,~k) form a right-handed triad with ~B = ~k × ~E/ω and ω = |~k|c. Show that all of these
properties may be inferred from the following two identities:

Fµνk
ν = 0, ?F µνkν = 0,

where kµ is the 4-vector (ω/c,~k)T.
[25 marks]
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MAXWELL’S EQUATIONS

• For electric field ~E, displacement field ~D, magnetic field ~B, magnetic intensity ~H, free charge
density ρ and free current density ~J :

~∇ · ~D = ρ, ~∇× ~H = ~J +
∂ ~D

∂t
,

~∇ · ~B = 0, ~∇× ~E = −∂
~B

∂t
∂ρ

∂t
+ ~∇ · ~J = 0

• Energy density and Poynting vector:

u =
1

2

(
~D · ~E + ~H · ~B

)
, ~S = ~E × ~H.

VECTOR CALCULUS FORMULAE

1. Cartesian coordinates (x, y, z) with constant unit direction vectors êx, êy, êz

• position vector: ~r = xêx + yêy + zêz

• line element: d~r = dx êx + dy êy + dz êz
surface element: d~σ = dy dz êx + dx dz êy + dx dy êz
volume element: d3~r = dx dy dz

• gradient of a scalar field f(x, y, z):

~∇f =
∂f

∂x
êx +

∂f

∂y
êy +

∂f

∂z
êz

• divergence of a vector field ~A(x, y, z) = Ax(x, y, z)êx + Ay(x, y, z)êy + Az(x, y, z)êz:

~∇ · ~A =
∂Ax
∂x

+
∂Ay
∂y

+
∂Az
∂z

• curl of a vector field ~A(x, y, z) = Ax(x, y, z)êx + Ay(x, y, z)êy + Az(x, y, z)êz:

~∇× ~A =

(
∂Az
∂y
− ∂Ay

∂z

)
êx +

(
∂Ax
∂z
− ∂Az

∂x

)
êy +

(
∂Ay
∂x
− ∂Ax

∂y

)
êz

• Laplacian of a scalar field f(x, y, z):

∇2f =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
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2. Cylindrical coordinates (r, φ, z) with unit direction vectors êr, êφ, êz

• relation to Cartesian coordinates: x = r cosφ, y = r sinφ, z unchanged

• relation to Cartesian unit vectors:

êr = cosφ êx + sinφ êy
êφ = − sinφ êx + cosφ êy

}
↔

{
êx = cosφ êr − sinφ êφ
êy = sinφ êr + cosφ êφ

with êz the same for both systems.

• position vector: ~r = rêr + zêz

• line element: d~r = dr êr + rdφ êφ + dz êz
surface element: d~σ = rdφ dz êr + dr dz êφ + rdr dφ êz
volume element: d3~r = rdr dφ dz

• gradient of a scalar field f(r, φ, z):

~∇f =
∂f

∂r
êr +

1

r

∂f

∂φ
êφ +

∂f

∂z
êz

• divergence of a vector field ~A(r, φ, z) = Ar(r, φ, z)êr + Aφ(r, φ, z)êφ + Az(r, φ, z)êz:

~∇ · ~A =
1

r

∂

∂r
(rAr) +

1

r

∂Aφ
∂φ

+
∂Az
∂z

• curl of a vector field ~A(r, φ, z) = Ar(r, φ, z)êr + Aφ(r, φ, z)êφ + Az(r, φ, z)êz:

~∇× ~A =

(
1

r

∂Az
∂φ
− ∂Aφ

∂z

)
êr +

(
∂Ar
∂z
− ∂Az

∂r

)
êφ +

1

r

(
∂

∂r
(rAφ)− ∂Ar

∂φ

)
êz

• Laplacian of a scalar field f(r, φ, z):

∇2f =
1

r

∂

∂r

(
r
∂f

∂r

)
+

1

r2
∂2f

∂φ2
+
∂2f

∂z2
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3. Spherical coordinates (r, θ, φ) with unit direction vectors êr, êθ, êφ

• relation to Cartesian coordinates: x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ

• relation to Cartesian unit vectors:

êr = sin θ cosφ êx + sin θ sinφ êy + cos θ êz
êθ = cos θ cosφ êx + cos θ sinφ êy − sin θ êz

êφ = − sinφ êx + cosφ êy


↔


êx = sin θ cosφ êr + cos θ cosφ êθ − sinφ êφ
êy = sin θ sinφ êr + cos θ sinφ êθ + cosφ êφ

êz = cos θ êr − sin θ êθ

• position vector: ~r = rêr

• line element: d~r = dr êr + rdθ êθ + r sin θdφ êφ
surface element: d~σ = r2 sin θdθ dφ êr + r sin θdr dφ êθ + rdr dθ êφ
volume element: d3~r = r2 sin θdr dθ dφ

• gradient of a scalar field f(r, θ, φ):

~∇f =
∂f

∂r
êr +

1

r

∂f

∂θ
êθ +

1

r sin θ

∂f

∂φ
êφ

• divergence of a vector field ~A(r, θ, φ) = Ar(r, θ, φ)êr + Aθ(r, θ, φ)êθ + Aφ(r, θ, φ)êφ:

~∇ · ~A =
1

r2
∂

∂r

(
r2Ar

)
+

1

r sin θ

∂

∂θ
(sin θAθ) +

1

r sin θ

∂Aφ
∂φ

• curl of a vector field ~A(r, θ, φ) = Ar(r, θ, φ)êr + Aθ(r, θ, φ)êθ + Aφ(r, θ, φ)êφ:

~∇× ~A =
1

r sin θ

(
∂

∂θ
(sin θAφ)− ∂Aθ

∂φ

)
êr +

(
1

r sin θ

∂Ar
∂φ
− 1

r

∂

∂r
(rAφ)

)
êθ

+
1

r

(
∂

∂r
(rAθ)−

∂Ar
∂θ

)
êφ

• Laplacian of a scalar field f(r, θ, φ):

∇2f =
1

r2
∂

∂r

(
r2
∂f

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin2 θ

∂2f

∂φ2
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