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1. A charged cube of side length a is centred at the origin of a Cartesian coordinate system such
that the region of nonzero charge density is −a/2 ≤ x, y, z ≤ a/2. The y < 0 half of the cube
has a charge density −ρ0 and the y > 0 half has charge density 2ρ0, where ρ0 is a positive
constant.

(a) Calculate the electric monopole and dipole moments of this system.
[15 marks]

(b) Determine the contributions of each of these moments to the multipole expansion of the
scalar potential, expressing each as a function of (x, y, z).

[10 marks]

2. A current circulates in a thin cylindrical shell of radius a and height h such that the current
density is given in cylindrical coordinates by

~J(r, φ, z) =

{
I
h2
zδ(r − a)êφ for 0 ≤ z ≤ h,

0 otherwise,

where I is a constant with units of current.

(a) Show that the magnetic field on the z-axis is

~B =
µ0I

2h2

[
√
z2 + a2 − z2 + a2 − hz√

(z − h)2 + a2

]
êz.

[15 marks]

(b) Calculate the cylinder’s magnetic dipole moment.
[10 marks]

You may find the following integral useful for this problem:∫
ds

(s2 + 1)3/2
=

s√
s2 + 1

+ constant.

3. A circularly-polarised electromagnetic plane wave of frequency ω travelling through vacuum
is normally incident on a linear dielectric material with index of refraction n and magnetic
permeability µ = µ0. If the boundary is at z = 0 and the wave travels in the positive z-
direction, then the incident electric field is given (in complex form) by

~EI(t, ~r) =
1√
2
Ẽ0e

ι̇(kz−ωt) (êx + ι̇êy) ,

where Ẽ0 is the field’s (complex) amplitude and k = ω/c. Find the reflected and transmitted
electric fields in terms of Ẽ0, n and ω.

[25 marks]
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4. If S ′ is an inertial frame moving with velocity ~v relative to another inertial frame S, then the
electric and magnetic fields measured in S ′ are related to the ones in S by

~E ′‖ = ~E‖, ~E ′⊥ = γ(v)
(
~E⊥ + ~v × ~B⊥

)
,

~B ′‖ = ~B‖, ~B ′⊥ = γ(v)

(
~B⊥ −

~v

c2
× ~E⊥

)
,

where ‖ and ⊥ denote, respectively, the components parallel and perpendicular to ~v.

(a) Show that ~E ′ · ~B ′ = ~E · ~B and | ~E ′|2 − c2| ~B ′|2 = | ~E|2 − c2| ~B|2. (You may assume the
boost is in the x-direction.)

[15 marks]

(b) If ~E · ~B = 0 but | ~E|2 − c2| ~B|2 < 0, show there exists a frame in which there is no electric

field. (Hint: think of a boost perpendicular to both ~E and ~B.)
[10 marks]
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MAXWELL’S EQUATIONS

• For electric field ~E, displacement field ~D, magnetic field ~B, magnetic intensity ~H, free charge
density ρ and free current density ~J :

~∇ · ~D = ρ, ~∇× ~H = ~J +
∂ ~D

∂t
,

~∇ · ~B = 0, ~∇× ~E = −∂
~B

∂t
∂ρ

∂t
+ ~∇ · ~J = 0

• Energy density and Poynting vector:

u =
1

2

(
~D · ~E + ~H · ~B

)
, ~S = ~E × ~H.

VECTOR CALCULUS FORMULAE

1. Cartesian coordinates (x, y, z) with constant unit direction vectors êx, êy, êz

• position vector: ~r = xêx + yêy + zêz

• line element: d~r = dx êx + dy êy + dz êz
surface element: d~σ = dy dz êx + dx dz êy + dx dy êz
volume element: d3~r = dx dy dz

• gradient of a scalar field f(x, y, z):

~∇f =
∂f

∂x
êx +

∂f

∂y
êy +

∂f

∂z
êz

• divergence of a vector field ~A(x, y, z) = Ax(x, y, z)êx + Ay(x, y, z)êy + Az(x, y, z)êz:

~∇ · ~A =
∂Ax
∂x

+
∂Ay
∂y

+
∂Az
∂z

• curl of a vector field ~A(x, y, z) = Ax(x, y, z)êx + Ay(x, y, z)êy + Az(x, y, z)êz:

~∇× ~A =

(
∂Az
∂y
− ∂Ay

∂z

)
êx +

(
∂Ax
∂z
− ∂Az

∂x

)
êy +

(
∂Ay
∂x
− ∂Ax

∂y

)
êz

• Laplacian of a scalar field f(x, y, z):

∇2f =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
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2. Cylindrical coordinates (r, φ, z) with unit direction vectors êr, êφ, êz

• relation to Cartesian coordinates: x = r cosφ, y = r sinφ, z unchanged

• relation to Cartesian unit vectors:

êr = cosφ êx + sinφ êy
êφ = − sinφ êx + cosφ êy

}
↔

{
êx = cosφ êr − sinφ êφ
êy = sinφ êr + cosφ êφ

with êz the same for both systems.

• position vector: ~r = rêr + zêz

• line element: d~r = dr êr + rdφ êφ + dz êz
surface element: d~σ = rdφ dz êr + dr dz êφ + rdr dφ êz
volume element: d3~r = rdr dφ dz

• gradient of a scalar field f(r, φ, z):

~∇f =
∂f

∂r
êr +

1

r

∂f

∂φ
êφ +

∂f

∂z
êz

• divergence of a vector field ~A(r, φ, z) = Ar(r, φ, z)êr + Aφ(r, φ, z)êφ + Az(r, φ, z)êz:

~∇ · ~A =
1

r

∂

∂r
(rAr) +

1

r

∂Aφ
∂φ

+
∂Az
∂z

• curl of a vector field ~A(r, φ, z) = Ar(r, φ, z)êr + Aφ(r, φ, z)êφ + Az(r, φ, z)êz:

~∇× ~A =

(
1

r

∂Az
∂φ
− ∂Aφ

∂z

)
êr +

(
∂Ar
∂z
− ∂Az

∂r

)
êφ +

1

r

(
∂

∂r
(rAφ)− ∂Ar

∂φ

)
êz

• Laplacian of a scalar field f(r, φ, z):

∇2f =
1

r

∂

∂r

(
r
∂f

∂r

)
+

1

r2
∂2f

∂φ2
+
∂2f

∂z2
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3. Spherical coordinates (r, θ, φ) with unit direction vectors êr, êθ, êφ

• relation to Cartesian coordinates: x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ

• relation to Cartesian unit vectors:

êr = sin θ cosφ êx + sin θ sinφ êy + cos θ êz
êθ = cos θ cosφ êx + cos θ sinφ êy − sin θ êz

êφ = − sinφ êx + cosφ êy


↔


êx = sin θ cosφ êr + cos θ cosφ êθ − sinφ êφ
êy = sin θ sinφ êr + cos θ sinφ êθ + cosφ êφ

êz = cos θ êr − sin θ êθ

• position vector: ~r = rêr

• line element: d~r = dr êr + rdθ êθ + r sin θdφ êφ
surface element: d~σ = r2 sin θdθ dφ êr + r sin θdr dφ êθ + rdr dθ êφ
volume element: d3~r = r2 sin θdr dθ dφ

• gradient of a scalar field f(r, θ, φ):

~∇f =
∂f

∂r
êr +

1

r

∂f

∂θ
êθ +

1

r sin θ

∂f

∂φ
êφ

• divergence of a vector field ~A(r, θ, φ) = Ar(r, θ, φ)êr + Aθ(r, θ, φ)êθ + Aφ(r, θ, φ)êφ:

~∇ · ~A =
1

r2
∂

∂r

(
r2Ar

)
+

1

r sin θ

∂

∂θ
(sin θAθ) +

1

r sin θ

∂Aφ
∂φ

• curl of a vector field ~A(r, θ, φ) = Ar(r, θ, φ)êr + Aθ(r, θ, φ)êθ + Aφ(r, θ, φ)êφ:

~∇× ~A =
1

r sin θ

(
∂

∂θ
(sin θAφ)− ∂Aθ

∂φ

)
êr +

(
1

r sin θ

∂Ar
∂φ
− 1

r

∂

∂r
(rAφ)

)
êθ

+
1

r

(
∂

∂r
(rAθ)−

∂Ar
∂θ

)
êφ

• Laplacian of a scalar field f(r, θ, φ):

∇2f =
1

r2
∂

∂r

(
r2
∂f

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin2 θ

∂2f

∂φ2
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