MP463 QUANTUM MECHANICS

Introduction

Quantum theory of angular momentum

Quantum theory of a particle in a central potential

- Hydrogen atom

- Three-dimensional isotropic harmonic oscillator (a model of atomic nucleus)
Non-relativistic quantum theory of electron spin

Addition of angular momenta

Stationary perturbation theory

(Time-dependent perturbation theory)

Systems of identical particles
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REQUIREMENTS
The total mark of 100 points consists of:

Examination (constitutes 80% of the total mark):
duration: 120 minutes,

requirements: answer all questions in writing.
Maximum mark: 80 points.

Continuous Assessment (20% of the total mark):
quizzes / homework assignments.
Maximum mark: 20 points.

NOTE THAT CONTINUOUS ASSESSMENT IS AN INTEGRAL PART OF
YOUR TOTAL MARK AND IS NOT APPLIED TO STUDENTS’ ADVANTAGE



Section 0: FORMALISM OF QUANTUM MECHANICS

(From Cohen-Tannoudji, Chapters Il & 111)



Overview:

Postulates of quantum mechanics

States of quantum mechanical systems

Quantum operators and physical quantities
e Measurement postulates

e Time evolution of quantum systems



FIRST POSTULATE

At a fixed time t, the state of a physical system is defined by specifying a vector, or
a ket, |y(7)) belonging to the state space H.

The state space H is a space of all possible states of a given physical system.

In quantum mechanics, this space is a Hilbert space.



What is a Hilbert space?

A complex vector space
with

e an inner product,

e a norm and a metric induced by the inner product, and is also

e complete as a metric space.

A Hilbert space is a complex inner product vector space that is also normed
space and complete metric space with norm and metric induced by the inner prod-
uct.



1) A complex vector space is a set of elements, called vectors (or kets), with an
operation of addition, which for each pair of vectors ) and |¢) specifies a vector
W) + |¢), and an operation of scalar multiplication, which for each vector |) and a
number ¢ € C specifies a vector c|y) such that

a) ) +1¢) = o) + )

9) L) =y
h) 0.ly) =0

We need a complex vector space to accommodate the principle of superposition
and the related phenomena; recall for example an interference in the Young double
slit experiment we have encountered in MP205 Vibrations & Waves.



Example: A set of N-tuples of complex numbers.

Example: Let us first consider a two-dimensional Hilbert space, H?, like the one
you encountered in MP363 Quantum Mechanics | when you studied a two level sys-
tem of a particle with the spin 1/2.

The space represents all the states of the system and they all have the form

1 0
|W>:CT|T>+Cl|l>:(2):CT(O)+Cl( 1)

where ¢y and c¢| are complex numbers which we call probability amplitudes.



The probability amplitudes give us probabilities

pr = ey = legl?
p=clep=leyl

that when we measure the spin of the particle we get spin T or spin | respectively.

The kets | 1) and | |) are eigenstates of the operator S, corresponding to the eigen-
values +7i/2 and —7/2. They serve as basis vectors or basis states, that is, they play
a role in the Hilbert space similar to the role of orthogonal unit vectors i fand kin a
three dimensional Euclidean space.

We need the inner product to be able to talk about orthogonality.



2. A complex vector space with an inner product.
The inner product assigns a complex number to a pair of kets |y), |¢p) € H:

(Ply) € C

A bra (¢| is the adjoint of a ket |¢); we construct it as follows:

it |¢) = c1lp1) + c2ld2),
then (@] = c](d1] + c5(#l

Properties:
complex conjugation (Plyy = (Ylp)”
sesquilinearity  (aj¢ + axdolyy = ai{P1ly) + ay(dolpy)
(Blerr + o) = c1(dl1) + (o)

IV

positive-definiteness (W) 0 where the equality holds iff |¢) =0



3. Normed vector space and metric vector space
(a) Norm induced by the inner product:

Wl = V{Yly) the norm of a state |y)
If the norm is 1, the state is said to be normalized.

If a given state |y’) is not normalized, ||y’|| # 1, then we have to normalize it, that is,
to divide it by the norm. The normalized state is then

")
VW l’)

Two vectors |¢) and |y) are said to be orthogonal if their inner product is zero.

W) =

A set of normalized and mutually orthogonal vectors is an orthonormal set.



Example: Basis vectors form an orthonormal set.

We call the vectors {|¢1), |#>), ...} a basis vectors or basis states, of / iff

spanfl1),1¢2),...} = H
and (¢il¢;) = 6;;
where 6;; is the Kronecker delta-symbol:
5ij = 0 iff i#j
6;jj = 1 it i=j



Example: A particle with spin 1/2:
Ket

1 0
|¢>=CT|T>+C¢|l>=(§I):CT(O)+cl( 1)

Bra: constructing the adjoint of |i)

W=cxtl+cili=(c; ] )=ci(1 0)+cj(0 1)

Basis vectors: norm and orthogonality

(I =(1 0)((1))=1 Ty =(1 0)(

WIn=(0 1)((1)):0 Wi=(0 1)(



Example: A particle with the spin 1/2: [) = cq| T) + ¢ |) = ( “1 )

|
Norm
ol = vl
W) = (5 1+c L) (ep I D +e 1)
= Gep (MM + ey (D +cep LI +cje (LT
= lel® +leyl? = 1
hll = 1

In matrix representation
* * Cc
Wiy = (¢ Cl)(CI)Z'CTP*'%'Z:l

Note that the normalization condition translates as |c1|* + |c||* = py + p| = 1, that is,
the probabilities of all mutually exclusive measurement results sum to unity.



(b) A metric is a map which assigns to each pair of vectors |¢), |¢) a scalar p > 0O s.t.

1. p(y), 1)) = 0 ift ) = |¢);
2. p(y), 1)) = p (o), ¥))

3. p(U), x)) < p(W), ) + p (), |x)) (triangle identity) We say that the metric is
induced by the norm if

p (). l9)) = llly) — Il

So the Hilbert space is normed and it is a metric space. What else?



4. Hilbert space is also a complete metric space

We say that a metric space is complete if every Cauchy sequence of vectors, i.e.

) — )l = 0 as m,n — oo

converges to a limit vector in the space.

We need this condition to be able to handle systems whose states are vectors in
infinite-dimensional Hilbert spaces, i.e. systems with infinite degrees of freedom.



Representation of a quantum mechanical state
Can we be more concrete about quantum states? What really is a ket |y/)?

Let us say we have the two-dimensional Hilbert space H with the basis

B = {11

We now consider a ket, or a vector, in this Hilbert space

) € H

It is to be said that at this stage this vector is a very abstract entity.

We wish to make it more concrete by expressing the vector in the representation
given by the basis above 8.



We will first introduce the completeness relation which is a useful way of expressing
an identity operator on the Hilbert space.

In our specific example, the completeness relation has the form

I+ ]=1

We use it to define the representations of |¢)

) L) =D AT+ LDy
= [ DT+ A W)
= (T I+ D)
= cpl T+l )
where the probability amplitudes are explicitly ¢4 = (T |y) and ¢ = (| [¢).



It is easy to verify in our case that the completeness relation is an identity operator
using the matrix representation

1 0 1 0 0 0 1 0 A
|T><T|+|l><l|=(0)(1 0)+( | )(0 1)—(O O)+(O 1)—(0 1)—1
More generally, the completeness relation is given as

Dol = 1
i
where the sum goes over all basis vectors B = {|¢1), |2) .. .}.

Our state can now be expanded into a a specific superposition of the basis vectors

{lgi}
Wy = Dl @ily) =D cile)

a number c¢; € C l



What about a representation in a continuous case, for example a free particle?

The completeness relation:
We can choose as a suitable basis the set of eigenstates of the position operator X,
that is, the vectors satisfying

X x) = x|x)

where x is a position in one-dimensional space. Generalization to three dimensions
is straightforward as we will see it later.

Since position is a continuous physical entity, the completeness relation is an integral

f h x| dx = 1



Coordinate representation

Wy € H
) f ) xlyr) dx

= f_ Y(x) |x) dx

{Y(x)} are coefficients of the expansion of [/) using the basis given by the eigenvec-
tors of the operator X, called wavefunction.

Inner product in coordinate representation

Wilva) = <w1|( f 0 dx)|w2>: f_ W) dx = f i) dx



Momentum representation
is constructed using the completeness relation based on the momentum eigenstates,
satisfying the eigenvalue equation P|p) = p|p), as follows

) f PYplw) dp

(6.9

= f_ Y(p) |p) dp

{Y(p)} are coefficients of the expansion of ) using the basis given by the eigenvec-
tors of the operator P, called wavefunction in the momentum representation.

Inner product in momentum representation

Wilda) = <w1|( f P dp)|wz>: f Wl plu) dp = f V(pWa(p) dp



SECOND POSTULATE

Every measurable physical quantity A is described by an operator A acting on H;
this operator is an observable.

An operator A : & — F such that [¢’) = Ay) for

re &
domain D(A)
’
and |jy'Ye | F A
range R(A)



Properties:
1. Linearity: A Y cilg;) = X, ciAlg;)
2. Equality: A = Biff Aly) = Bly) and D(A) = D(B)
3. Sum: C = A + Biff Cly) = Aly) + Bly)

4. Product: C = AB iff

Cly) = ABly)=A(Bly)) =4 |By)



5. Functions of operators

Generally, we need to use the spectral decomposition of the operator
A= oy
J
where [ ;) is the eigenvector of A corresponding to the eigenvalue a;

Al =ajly).

Then the function of A is given as

FA)y =" fla) )y,
J



Also, A2 = AA, then A" = AA"1 and if a function f(&) = 3, an&", then by the
function of an operator f(A) we mean

(&) = 2 and"

n

e.g.

. i |
A=
n:On.



Commutator and anticommutator
In contrast to numbers, a product of operators is generally not commutative, i.e.

AB # BA

For example: three vectors |x), [y) and |z) and two operators Ry and R, such that:

Rylxy = 1x),  Rylx) = —Iz),

Riy) =12, Ryly) = y),

Rylz) = =ly), Rylz) = |x)
then

RyRylz) = Rylx)y = |x) #
RyR|z) = —Ryly) = —|y)




An operator [A, B] — AB — BA is called commutator.
We say that A and B commute iff [A, E] = 0 in which case also [f(A),f(B)] = 0.

Basic properties of commutators:

A.B] = -|B.A]
AB+c] = [AB]+[AC]
[4,8¢| = [A,B]¢+B[A¢]

the Jacobi identity:

A

An operator {A, B} = AB + BA is called anticommutator. Clearly

ad) = (2.4



Types of operators (examples)

1. A is bounded iff 35 > 0 such that ||Aly)|| < BllIly)ll for all [y € D(A).
In quantum mechanics, the domain D(A) is the whole Hilbert space H.
Infimum of 8 is called the norm of the operator A.

2. Let A be a bounded operator, then there is an adjoint operator AT such that
WilA ) = (Aylr)
i.e. WilA ) = (Woldy)*
for all yr1), W2) € H.



Properties:

ATl = |4
@) = 4
(A+B) = Al+5
(AIAB)T = BTA'(the order changes)
(AA)T = AT

How can we construct an adjoint?
If we have an operator in a matrix representation, so it is a matrix, then

AT = (AT)* = transpose and complex conjugation



3. A is called hermitian or selfadjoint if A™ = A, or (Aglyy = (B|AY).
This is the property of quantum observables!

Their eigenvalues are real numbers, e.g. X|x) = x|x) or H|E) = E|E)

4. A is positive if (y|Aly) > 0 for all |y) € H

5. Let A be an operator. If there exists an operator A1 such that AA=1 = A=14 = ]
(identity operator) then A~lis called an inverse operator to A

Properties:



6. an operator U is called unitary if U7 = U~!,i.e. 0T = 070 = 1.

Example: Quantum evolution operator

W) = H) = Do)

7. An operator P satisfying P = PT = P? is a projection operator or projector
e.g. if Y) is a normalized vector then

Py = lXud

is the projector onto one-dimensional space spanned by all vectors linearly depen-
dent on |yg).



Composition of operators (by example)




1. Directsum A =B C
B acts on Hp (2 dimensional) and C acts on H (3 dimensional)
Let

A bi1 bio A €11 €12 €13

BZ( ) and C= C21 €22 (23
by1 by

€31 €32 (33

(bll b;p O 0 0 )
byi by 0 0 0
0O 0 c¢11 c12 <13
0 0 ¢21 ¢ 23

L 0 0 31 ¢33 c33)

>
I

Acts on Hg & Hc



Properties:

Tr (f?

det (B

S

S

D

oy
N— N

oy

+ Tr

N—

Tr (B
det (ZAB) det (

—

oy

>



2. Direct product A = Be C:
Let [y) € Hp, |¢) € Hc, x) € Hp® Hc, then
A ly)

>

= (BeC)wr®le)) = Bu)® Cig) = B)Clg)

( briciy

bi1c2]
bi1c31
byicii
by1c21

. D21631

biici
bi1c22
bi1c3
byici2
by1c22
by1c32

biic13
bi1c23
bi1c33
byic13
by1¢23
by1c33

biac11
biac21
biac31
byocii
bpocag
bpoc3)

biac12
bi2c2)
biac3)
boci2
brc2)
bpoc3

b1aci3 )
b12¢23
b12c33
boc13
byoc23
byc33 )




Eigenvalues and eigenvectors

Solving a quantum mechanical system means to find the eigenvalues and eigenvec-
tors of the complete set of commuting observables (C.S.C.O.)

1. The eigenvalue equation

Aoy = a Wa)
S ——
eigenvalue ¢ genvector

If n > 1 vectors satisfy the eigenvalue equation for the same eigenvalue a, we
say the eigenvalue is n-fold degenerate.

2. The eigenvalues of a self-adjoint operator A, which are observables and rep-
resent physical quantities, are real numbers

aYalbe) = <¢a|A'ﬁa> = <A'ﬁa|lﬁa>* = a*<lﬁa|lﬁa> = a=a €R



3. Eigenvectors of self-adjoint operators corresponding to distinct eigenval-
ues are orthogonal.

Proof: If 8 # « is also an eigenvalue of A then

<¢Q|A¢,8> = ,8<'7”Q|W,8>

and also

WalAyg) = WalAya)* = " Wplba)* = alWalip)

which implies

<Wa|¢,8> = 0



4. Matrix representation
Operator is uniquely defined by its action on the basis vectors of the Hilbert
space.
Let B = {lsz-)} be a basis of a finite-dimensional H

Ay = > XAy

k
= D Al
k

where Ay ; = <lﬁk|z4|lﬁj> are the matrix elements of the operator A in the matrix
representation given by the basis 5.
For practical calculations

A = ;mxwkwwxwﬂ:;Akﬂwwwﬂ
Jj J



5. Spectral decomposition
Assume that the eigenvectors of A define a basis B8 = {WJ-)},

then Ay ; = WirlAly ) = @ jOy -
Operator in this basis is a diagonal matrix with eigenvalues on the diagonal

A = Z Akj Wiy i
kj

A

E; is a projector onto 1-dim. space spanned by | ;) = Spectral decomposition!



Generalization to the continuous spectrum

Ale) = ala)
(d|e) = o6(a—-a)

o-function [Cohen-Tannoud;ji Il Appendix ]

Spectral decomposition
R max
A = f ala){a|da
a

min

Completeness relation

@'max R
f laXalda = 1

®min

Wavefunction

y(a) = (aly)



Inner product

Wl = f " @) (@) da

@min

Coordinate and momentum operators
In coordinate representation (x-representation)

X = f xlx)(x| dx  spectral decomposition

(0. 0)

andf Ix}x|dx =1  completeness relation

(0.9)

) = f ) dx = f SOl d



What about momentum operator P ?
It has to satisfy the canonical commutation relation

X, 2|y = XPlyy - PXiy)
= i)

which in coordinate representation is

POy (x) — POxy(x) = ihy(x)
This is satisfied by

A 0
P(X) = —jh—
l 0x
In momentum representation

B=(p): P- f plpXpl dp

(©9)

A\ a
d X=ihi—
an I o



More on coordinate and momentum representation
Coordinate representation

X = f h x|xe)x| dx X|x) = x|x)

(6.9)

PO = v = %P =i

For all p € R, there is a solution to the eigenvalue equation

d
_iha'ﬁp(x) = Plﬁp(x)

where y,(x) is the eigenstate of the momentum operator in coordinate repre-
sentation corresponding to eigenvalue p

Plpy = plp) p) = f ) {xlp) dx = f Yp(x)lx) dx



and every solution depends linearly on function

1 i
Yp(x) = e = (xlp)

V2rh

which satisfies the normalization condition

f W () dx = 8(p—p)
Similarly

[ sielopnn = s



Momentum representation

P = f plpX(pl dp

(0 0)

The completeness relation

f Ppldp = 1

(0.0)

momentum representation
> > P
¢y = f IpX{pl¢) dp = f P (p) \p) dp

How is the wavefunction ¢P)(p), which describes the ket |¢) in the momentum rep-
resentation, related to ¢(x) which describes the same vector in the coordinate repre-
sentation?

1
\V2rh

$P(p) = f (ple) (i) dx = f e HP () da



#'P)(p) is the Fourier transform of ¢(x)

¢(x) is the inverse F.T. of ¢(P)(p)

1 * i
P(x) = N f e 1P P (p) dp
JT —00
(Cohen-Tannoudji Q.M. Il Appendix I)

The Parseval-Plancharel formula

f P*(OW(x) dx = f s P (PP (p) dp

(G9)

F.T. in 3 dimensions:

1 _igg
PP = [es@ e



o-"function”

1. Definition and principal properties

Consider 6¢(x):

1/e

-g/2

- +¢/2




and evaluate f_ OZO 5¢(x) f(x) dx (where f(x) is an arbitrary function defined at x = 0)
if € is very small (e — 0)

f TS Wfmdx ~ f0) f " 650 d
= (0)

the smaller the ¢, the better the approximation.
For the limit e = 0, §(x) = lim._,( 0€(x).

f_ o) f(x)dx = f(0)

More generally

[ S (r—x0) f dx = f(x0)

o0



Properties

(1) 6(=x) = 6(x)

(il) 5(cx) = |—i,|5(x)
and more generally

olg(x)] = Z : 5(x—xj)

i |8 (xj)|
{x;} simple zeroes of g(x) i.e. g(x;) = 0 and g’(x;) # 0
(iil) x0(x — xg) = x00(x — xQ)
and in particular x6(x) = 0
and more generally g(x)d(x — xg) = g(xg)0(x — xp)

(iv) f 5(x = ¥)3(x — 2) dx = 8(y - 2



The §-"function” and the Fourier transform

yP(p) = \/2_ e—ﬁpx w(x) dx
71'

Y(x) = = f e #PXyP)(p) dp
7T

The Fourier transform 5?)(p) of 6(x — xp):

sP(p) = 2 f ¢ TiPX §(x— xg) dx
V2rh

— —e _ﬁpr
V2mh



The inverse F.T.

5(x—xg) = = f e P55 (p) dp

- v—f ”pm

1
— hp(x X0) d
2nih c P
1 lk(x x0)
= dk
o

e 3P0 dp

Derivative of 6(x)

f_oo 6" (x = xp) f(x) dx =

(©)

§ f 5 (x = x0) F(¥) dx = —F (x)



THIRD POSTULATE
(Measurement |)

The only possible result of the measurement of a physical quantity ‘A is one of the
eigenvalues of the corresponding observable A.



FOURTH POSTULATE
(Measurement Il)

1. a discrete non-degenerate spectrum:
When the physical quantity A is measured on a system in the normalized state
), the probability P(a,) of obtaining the non-degenerate eigenvalue a, of the
corresponding physical observable A is

Plan) = Kunl)

where |u;,) is the normalised eigenvector of A associated with the eigenvalue a,,.



2. adiscrete spectrum:
8n . )
Plan) = . [whiv)
i=1

where g, is the degree of degeneracy of a,, and {|uf,l>} (i=1,...,gn) is an or-
thonormal set of vectors which forms a basis in the eigenspace H,, associated
with the eigenvalue a, of the observable A.

3. a continuous spectrum:
the probability dP(«) of obtaining result included between @ and a + da is

dP(a) = |[(val)* de

where |vy) is the eigenvector corresponding to the eigenvalue a of the observ-
able A.



FIFTH POSTULATE
(Measurement Ill)

If the measurement of the physical quantity A on the system in the state |) gives
the result a,, the state of the system immediately after the measurement is the mor-

malized projection

Payy — Paly)

N

of /) onto the eigensubspace associated with a,,.




SIXTH POSTULATE
(Time Evolution)

The time evolution of the state vector |(t)) is governed by the Schrodinger equation

W) = AOO)

where H() is the observable associated with the total energy of the system.

Classically

Quantum mechanics



Canonical quantization (in the coordinate rep.)

R - 7 ;
P - —iha—Xi — (—th)i
= H i V2 o+ V(@
= - r
2m S~——

—— .
A otential ener
kinetic energy P &Y



Formal solution of the Schrodinger equation gives the quantum evolution opera-
tor:

d R
ihallﬁ(f» = Hly (1)
1 / ;
:fdllﬁ(t» _ —ift[f]dt,
0 () nJo

By integrating, we get the evolution operator

W@y = e Fh A ) = Do)

lts form is particularly simple if the Hamiltonian is time independent:

(@) = e_%ﬁtIW(0)>=l7(t)I¢(0)>



