


















Superposition principle

Theorem: Superposition principle - homogeneous equations

Let y1, y2, ... , yk be solutions of the homogeneous nth-order DE (3) on an interval I,
then the linear combination

y = c1y1(x) + c2y2(x) + ... + ckyk(x) =
kX

i=1
ciyi(x),

where the ci, i = 1, 2, ..., k are arbitrary constants, is also a solution.

Proof: The case k = 2. Let y1(x) and y2(x) be solutions of L(y) = 0, then also

L(y) = L
⇥
c1y1(x) + c2y2(x)

⇤
= c1L(y1) + c2L(y2) = 0





























Example:
Given y1 = e

x is a solution of y
00 � y = 0 on (�1,1), use the reductions of order to

find a second solution y2.

If y = u(x)y1(x) = u(x)ex then

y
0 = ue

x + e
x
u
0

y
00 = ue

x + 2e
x
u
0 + e

x
u
00

and substituting into the original ODE and using the substitution w = u
0 we get

y
00 � y = e

x(u00 + 2u
0) = 0 ) u

00 + 2u
0 = 0 ) w

0 + 2w = 0.

Using the integrating factor e
2x, and get w = u

0 = c1e
�2x and integrating again yields

u = �1
2c1e

�2x + c2, so the second solution is e
�x:

y = u(x)ex = �c1
2

e
�x + c2e

x.










