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1.

(a)

Consider the static electric field E = 5E0% + 2on'.

Find the electric potential difference Vop between the point ) at
(0,2d,0) and the point P at (0,d,0).

Find the electric potential difference Vzp between the point R at
(d,d,0) and the point P at (0,d,0).

The planar surface X lies parallel to the z-y plane and has area A;.
Find the electric flux through this surface.

[15 marks]

In some region, the electric field changes with time but the magnetic
field does not:

ARt - .
E:—( 0>k:; B:ung<2yi—2xj).

€o

(Here K, is a positive constant.) Find the charge density, the
“displacement current” density and the current density in the region.

[15 marks]

Steady current I flows through an infinitely long straight wire placed
along the z axis, from z = —o0 to 2z = 400 through the origin.

At the point (3L,4L,0) in the z-y plane, find the magnitude of the
magnetic field created by the current. Find also the z-, y-, and z-
components of the magnetic field at this point.

Now consider a point (3L,4L,7L), not in the xz-y plane. Write down
the x-, y-, and z- components of the magnetic field at this point.
Reminder: An infinitely long straight wire produces a magnetic field
of strength 1o/ /(27d) at a point at distance d from the wire.

[20 marks]
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2. (a)

An electromagnetic field is described by the scalar potential V' and
vector potential A, given by

~

V = —LBywz cos(wt); A = Byxsin(wt)k

where By, L, and w are positive constants. Find the electric and
magnetic fields in this system.

In which locations (which part of space) does the electric field vanish?

Show explicitly that the fields satisfy Maxwell’s third equation, which
concerns the curl of the electric field.

[20 marks]

A circular loop lies in a plane perpendicular to a uniform magnetic
field of strength By. The circular loop is squeezed so that its size
decreases over time. Its radius is given by

t
r(t) = roexp [—?] = roe /T,

where rq and T are positive constants.

Find the magnitude of the electromotive force (EMF) induced in the
loop.

[10 marks]

A thin rod of length L lies along the z axis with one end at the origin
and the other end at (L,0,0). The rod carries a uniformly distributed
postive charge ). Calculate the electric field at the point (xg,0,0) on
the x axis, with xq > L.

Approximate your result for xo > L. Explain your result physically,
by comparing to the electric field due to a point charge.

[20 marks]
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*

HINTS AND/OR PARTIAL SOLUTIONS

*

1. Question 1.

(a) Question 1(a)
Consider the static electric field E = 5Eqi + 2Eq].
Find the electric potential difference Vop between the point ) at
(0,2d,0) and the point P at (0,d,0).
Find the electric potential difference Vgp between the point R at
(d,d,0) and the point P at (0,d,0).
The planar surface >; lies parallel to the xy plane and has area Aj;.
Find the electric flux through this surface.

[15 marks]
[Sample Answer:]
Y
P(0,d
E (0,d)
Q(0,2d)
R(d,d)

\

In the direction PQ (parallel to y axis), only the y-component of the
electric field contributes to potential differce, hence

’VQP‘ = 2E0 X d
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The question is not very precise about the sign (although Vp = Vg —
Vp is suggested by the notation and wording); so I won’t care about
the sign.

More formally, if one integrates along the straight line between P and
@, the line element is dl = dyj, so that

p d d
Vop = _/ E-dl = —/ (5E0i +2Eoj) - dyj = —2Eo/ dy
0 od 2d

= —5Ey(—d) = 5Eyd

In the direction PR (parallel to x axis), only the z-component of the
electric field contributes to potential differce, hence

|VRP| — 5E0d

Electric flux: The electric field has no component in the z direction,
i.e. no componennt perpendicular to the surface. Hence the flux is
zZero.

Question 1(b)

In some region, the electric field changes with time but the magnetic
field does not:

4Kt \ - A .
E:—( 0>k:; B:ung<2yi—2xj).

€o

(Here K, is a positive constant.) Find the charge density, the
“displacement current” density and the current density in the region.

[15 marks]

[Sample Answer:]
Using Maxwell’s first equation, the charge density is

4K
p=e&V-E a(_ “t) =0

= 60—
0z €0
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The displacement current density is

OE -
JD = EOE = —4K0k’.

Maxwell’s fourth equation gives for the current density

J = iVXB—JD — %(NOKO(—2—2)I%> - (—4}(01%) — 0.

Question 1(c)
Steady current I flows through an infinitely long straight wire placed
along the z axis, from z = —o0 to z = 400 through the origin.

At the point (3L,4L,0) in the z-y plane, find the magnitude of the
magnetic field created by the current. Find also the z-, y-, and z-
components of the magnetic field at this point.

Now consider a point (3L,4L,7L), not in the z-y plane. Write down
the z-, y-, and 2- components of the magnetic field at this point.

Reminder: An infinitely long straight wire produces a magnetic field
of strength 1ol /(27d) at a point at distance d from the wire.

[20 marks]

[Sample Answer:]

The distance from the wire to the point is /(3L)% + (4L)? = 5L, so
the magnitude of the magnetic field is

ol ol
2n(5L)  107L
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The components are

[,L()I 4L B 2,&0]

B, = —Bsinf = — =
St 107L5L  257L
wol 3L 3l
B, = Bcos — o
y = POCSY T A0 LD B0xL
B. =0

Now for the point (3L,4L,7L). At a point with different z-coordinate
but the same x-, y- coordinates, the magnetic field components are
exactly the same by symmetry, since the wire is infinite in the z
direction.
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2. Question 2.

(a) Question 2(a).
An electromagnetic field is described by the scalar potential V' and vector
potential A, given by

~

V = —LBywzcos(wt); A = Byzsin(wt)k
where By, L, and w are positive constants. Find the electric and magnetic
fields in this system.
In which region of space does the electric field vanish?

Show explicitly that the fields satisfy Maxwell’s third equation, which
concerns the curl of the electric field.

[20 marks]

[Sample Answer:]
The electric and magnetic fields are

A . .

E = —-VV- aﬁ_t = LByw cos(wt)k — Boxw cos(wt)k
= (L — 2)Bow cos(wt)k

and
. (0A, O0A ~ (0A, O0A ~ (0A, O0A
B — A — 5 z  Ulhy . z z A YAy T
v Z(ay 8z>+J(0z 8x)+ (ax 8y>

N A N
= (_aa;) = — Bysin(wt)y

The electric field vanishes at * = L. This is a plane parallel to the y-z
plane.

Maxwell’s third equation is V x E = —0B/0dt. Calculating the two sides
for our fields,

~

VXxE = 5(_381%) = Byw cos(wt)j

and 9B 9
- = % [—Bosin(wt)ﬂ = Bow cos(wt)j

The two sides are equal, hence Maxwell’s third equation is satisfied.
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(b) Question 2(b).
A circular loop lies in a plane perpendicular to a uniform magnetic field of
strength By. The circular loop is squeezed so that its size decreases over
time. Its radius is given by

t
r(t) = roexp [—fl =roe ¥,

where ry and T are positive constants.
Find the magnitude of the electromotive force (EMF) induced in the loop.

[10 marks]

[Sample Answer:]
The flux of the magnetic field through the loop is

®p = Bylarea) = Bymr? = Bymrie 2T

The EMF according to Faraday’s law is

ddp

2Bymre
07T o—2/T
dt

&€= T

= — Bymrd (=2/T)e /T =

(¢) Question 2(c).
A thin rod of length L lies along the x axis with one end at the origin and
the other end at (L,0,0). The rod carries a uniformly distributed postive
charge ). Calculate the electric field at the point (xq,0,0) on the z axis,
with x¢ > L.
Approximate your result for o > L. Explain your result physically, by
comparing to the electric field due to a point charge.

[20 marks]

[Sample Answer:]

Consider an infinitesimal slice of the rod at distance = from the origin, of
width dz. The amount of charge in this small piece is (Q/L)dz, and is it
at distance zg — = from the point (z¢,0,0). The electric field due to this
piece of charge is

(Q/L)dx i (Q/L)i  dx

dE = =
drreg (g — x)? dreq (x — x0)?
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Integrating from z = 0 to x = L gives the total electric field created at the
point (xg,0,0):

g _ QL) /L( da (Q/L)i {( 1 }

47e x — x)? N o) ]

:<Q/L>%< 1 _i): Q 1 .

dmey \zo— L dreq xo(xg — L)

At large distances, xg > L, this simplifies to
Q 1.
— 1

2
dmegy xf

E ~

This is the electric field due to a point charge () at distance xy. This
makes sense because, at large enough distance, the structure of the charge-
carrying stick will not be important and it will look like a small (=point)
object.

|
*
|



