MP201 — Vector Calculus & Fourier Analysis

Problem Set 6
Due by 5pm on Friday, 10 November 2017

(Please write your name and tutorial day on the front of your assignment.)

. In lecture, we showed that the line integral of the vector field F= 3xyr —
y?j over the curve C given by the parabola y = 222 from the origin to (1, 2)
was —7/6. We did this two ways, by replacing y by 222 in both F and dr,
and by parametrising the curve via z(t) = t, y(t) = 2t> for 0 <t < 1.

Now we do it a third way (suggested by one of you): instead of thinking
of y as a function of z, instead think of z as a function of y, namely,
x = /y/2. Show that when you redo the line integral this way, you once
again get —7/6.

. Consider the vector field A(z,y) = (22 — y?)i — 2zy). Calculate the line
integral of this field over the path that starts from the origin (0,0), goes
straight to the point (3,0), then goes straight from there to the point
(2,1).

. One of the most important uses of the line integral in physics is determin-
ing the work done by a force in moving an object. More precisely, if 15(7?)
is the force acting on an object at 7, then the total work W done by this
force field in moving the object along some curve C is

W= / F-dr.
c
(a) An object attached to the origin by a spring of spring constant k feels
a force given by Hooke’s law: F' = —k7. Find the work done by the
spring on the object if it moves from the origin to the point (2,1,1)
along the path
Ft) = 2bi4+tj+Vitk

fromt=0tot=1.

(b) Suppose the force field is conservative. Explain why no work is done
along any path that begins and ends at the same point.

4. Suppose B is the vector field

—

B(z,y,z) = y*coszi+ 2xycoszj— zy?sin k.

(a) Show that B is a conservative field.

(b) Compute the line integral of B along the spiral z = 1—cos z, y = sin z
from (0,0,0) to (2,0, ).



(¢) Show that you get the same result when you integrate B along the
straight line from the origin to (2,0, 7).

(Hint for doing the integrals in (b): remenber that sin®z + cos?z = 1,
d(sinz) = coszdz and d(cos z) = —sin zdz.)



VECTOR CALCULUS

In Cartesian coordinates (x,y, z) with constant unit direction vectors i, j, k:
e gradient of a scalar field f(z,y, 2):

L 08, or or
Vi o= gy tig, kg,

e divergence of a vector field /T(x, y,2) = Az (z,y, 2)i+ Ay (x,y, 2)j+A. (2, ¥, z)/%
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Laplacian of a scalar field f(x,y, 2):
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Laplacian of a vector field /T(a:, y,z) = Ag(z,y, 2)i+ Ay (x,y, 2)j+A. (2, v, z)lAc

VZA = i(V?A,) +5(V2A,) +k (V2A,)

Vector calculus identities:

e Laplacian of a scalar field f:

V=V (V)

e Curl o£ the gradient of a scalar field f:
Vx(Vf)=0

e Divergence of the curl of a vector field A:
V- (VxA)=0

° Qurl of the curl of a vector ﬁeld_’/fz
V x (VxA)=V(V-A) - VA



